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FOREWORD 


I take great pleasure in recommending to all readers - Romanians or from abroad 
- the book of professors Titu Andreescu and Dorin Andrica. This book is the fruit of a 
prodigious activity of the two authors, well-known creators of mathematics questions 
for Olympiads and other mathematical contests. They have published innumerable 
original problems in various mathematical journals. 

The book is organized in six chapters: algebra, number theory, geometry, 
trigonometry, analysis and comprehensive problems. In addition, other fields of math- 
ematics found their place in this book, for example, combinatorial problems can be 
found in the last chapter, and problems involving complex numbers are included in 
the trigonometry section. Moreover, in all chapters of this book the serious reader can 
find numerous challenging inequality problems. All featured problems are interesting, 
with an increased level of difficulty; some of them are real gems that will give great 
satisfaction to any math lover attempting to solve or even extend them. 

Through their outstanding work as jury members of the National Mathematical 
Olympiad, the Balkan Mathematics Contest (BMO), and the International Math- 
ematical Olympiad (IMO), the authors also supported the excellent results of the 
Romanian contestants in these competitions. A great effort was given in preparing 
lectures for summer and winter training camps and also for creating original problems 
to be used in selection tests to search for truly gifted mathematics students. To support 
the claim that the Romanian students selected to represent the country were really 
the ones to deserve such honor, we note that only two mathematicians of Romanian 
origin, both former IMO gold-medalists, were invited recently to give conferences at 
the International Mathematical Congress: Dan Voiculescu (Ziirich, 1994) and Daniel 
Tataru (Beijing, 2002). The Romanian mathematical community unanimously recog- 
nized this outstanding activity of professors Titu Andreescu and Dorin Andrica. As a 
consequence, Titu Andreescu, at that time professor at Loga Academy in Timigoara 
and having students on the team participating in the IMO, was appointed to serve 
as deputy leader of the national team. Nowadays, Titu’s potential, as with other Ro- 
manians in different fields, has been fully realized in the United States, leading the 
USA team in the IMO, coordinating the training and selection of team contestants 
and serving as member of several national and regional mathematical contest juries. 


One more time, I strongly express my belief that the 360 mathematics problems 
featured in this book will reveal the beauty of mathematics to all students and it will 
be a guide to their teachers and professors. 


Professor Ioan Tomescu 

Department of Mathematics and Computer Science 
University of Bucharest 

Associate member of the Romanian Academy 


FROM THE AUTHORS 


This book is intended to help students preparing for all rounds of Mathematical 
Olympiads or any other significant mathematics contest. Teachers will also find this 
work useful in training young talented students. 

Our experience as contestants was a great asset in preparing this book. To this we 
added our vast personal experience from the other side of the ’ barricade”, as creators 
of problems and members of numerous contest committees. 

All the featured problems are supposed to be original. They are the fruit of our 
collaboration for the last 30 years with several elementary mathematics journals from 
all over the world. Many of these problems were used in contests throughout these 
years, from the first round to the international level. It is possible that some problems 
are already known, but this is not critical. The important thing is that an educated 
- to a certain extent - reader will find in this book problems that bring something 
new and will teach new ways of dealing with key mathematics concepts, a variety of 
methods, tactics, and strategies. | 

The problems are divided in chapters, although this division is not firm, for some 
of the problems require background in several fields of mathematics. 

Besides the traditional fields: algebra, geometry, trigonometry and analysis, we 
devoted an entire chapter to number theory, because many contest problems require 
knowledge in this field. 

The comprehensive problems in the last chapter are also intended to help under- 
graduate students participating in mathematics contests hone their problem solving 
skills. Students and teachers can find here ideas and questions that can be interesting 
topics for mathematics circles. 

Due to the difficulty level of the problems contained in this book, we deemed it 
appropriate to give a very clear and complete presentation of all solutions. In many 
cases, alternative solutions are provided. 

As a piece of advice to all readers, we suggest that they try to find their own 
solutions to the problems before reading the given ones. Many problems can be solved 
in multiple ways and pertain to interesting extensions. 


This edition is significantly different from the 2002 Romanian edition. It features 
more recent problems, enhanced solutions, along with references for all published 
problems. 

We wish to extend our gratitude to everyone who influenced in one way or another 
the final version of this book. 

We will gladly receive any observation from the readers. 


The authors 


Chapter 1 
ALGEBRA 


PROBLEMS 


1. Let C be a set of n characters [ei, 2. . ., en]. We call word a string of at 
most m characters, m < n, that does not start nor end with c. 
How many words can be formed with the characters of the set C? 


2. The numbers 1,2,...,5n are divided into two disjoint sets. Prove that these 
sets contain at least n pairs (x,y), т > y, such that the number т — y is also an 
element of the set which contains the pair. 


3. Let al, a2, . ., an be distinct numbers from the interval [a,b] and let с be a 
permutation of (1,2,...,n). 
Define the function f : [a,b] — [a, b] as follows: 


_ J) аф if r a in 
f(z) de n 


Prove that there is a positive integer h such that f(z) = =, where f™ = 
fofo---of. 
—ͤ —Uñ̈3ꝓ— 


h times 


4. Prove that if x,y,z are nonzero real numbers with z + y + z — 0, then 
2 3 
cup wir HI ow ox t 
т+у yctz 2+ yz zz zy 
5. Let a, b, c, d be complex numbers with a + b+ c + d = 0. Prove that 
a? +b? + c? + d? = 3(abc + bed + cda + dab). 


6. Let a, b, c be nonzero real numbers such that a + b + c = 0 and а? + b? + c? = 
a5 + 5 + c^. Prove that 


ELET = 5 


7. Let a,b,c, d be integers. Prove that а + b+ c + d divides 
2(a* + b* + c* dt) — (a? +0? + c? + Ф) + Babed. 
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8. Solve in complex numbers the equation 


(x + 1)(z + 2)( + 3)*(z + 4)(z + 5) = 360. 


9. Solve in real numbers the equation 
М? + у + 2/2 2+ Vut /u—zy-zucv. 


10. Find the real solutions to the equation 
(z +y)? = (z + 1)(у - 1). 


11. Solve the equation 


F 


12. Solve the equation 
Vz+a+V2+b+Vr+c=Vzr+at+b-c, 


where a,b,c are real parameters. Discuss the equation in terms of the values of the 
parameters. 


13. Let a and b be distinct positive real numbers. Find all pairs of positive real 
numbers (2, y), solutions to the system of equations 
gt — y‘ —ar- by 
т? — у? = Ya — Ё. 


14. Solve the equation 
E - : 13 ＋4 
= e эре 


3 U 
where [а] denotes the integer part of a real number a. 
15. Prove that if a > 4 m then 
1 


NS iet 
= =n, п = 0,1,2,... 
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16. Prove that if z, y, z are real numbers such that z? + у? + z? O, then the 
ratio 
22у2 — (x +y + 2) 
z3 + y* + 28 


equals 2 if and only if z +у+2 0. 


17. Solve in real numbers the equation 


1 
VI I - A . nz, =n? = 201 T e). 


18. Find the real solutions to the system of equations 
1,1, 
т у 


Ger) а) а) 


19. Solve in real numbers the system of equations 


у +2 +12 + ш? =4х—1 
12 +? wv + ш? = 4у – 1 
т? + у? u + ш? = 4и – 1 
т? +y +u + ш? = 40 – 1 
22 +y? + ш? = 4ш — 1 


20. Let а, аз, аз, ad, ag A MEN + @2 + аз + G4 ag = 0 and 
— 2 
Ja, loi a;| € 1. Prove that a? + a2 + a2 + aj + a? < 10. 
21. Let a,b,c be positive real numbers. Prove that 
LIE M SUN: ЧИР: FD ЯЕ 
2a 2b 2c~ a+b b+c cca 


22. Let a,b,c be real numbers such that the sum of any two of them is not equal 

to zero. Prove that 
a5 + 65 + с5 – (abe. 10, Fira 

a? +b? + c? — (а+ b + c)? 2 5 
23. Let a,b,c be real numbers such that abe = 1. Prove that at most two of the 


numbers 1 : 
2a — , 2b—--, 2c-- 
b с а 


are greater than 1. 
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24. Let a,b,c,d be real numbers. Prove that 
min(a - b, b - ,- d, d- d.) < 


mie 


25. Let ai, 2. , an be numbers in the interval (O, 1) and let k > 2 be an integer. 
Find the maximum value of the expression 


L Vaill - ai), 
+1 


where ал+: = 01. 


26. Let m and n be positive integers. Prove that 
— — 
m z 


for any positive real number z. 


27. Prove that m! > (nh) L for all positive integers m and n. 


28. Prove that 
JJC ĩ˙² Y MEC Ж 
| 2 3 yn п+1 
for any integer n > 2. 
29. Prove that 
„0 17/0 +1>1+ 545 40-42 >п(У#п+1-1) 
for any positive integer n. 
NA d. . an 
i ie 1 
30. Let ai, a2. . ., an € (0,1) and let t. 5 Prove that 


> hoes, tn > (п – 1)п. 


i=1 


31. Prove that between n and 3n there is at least a perfect cube for any integer 
n> 10. 


32. Compute the sum 


8. (-1) "4. 
k=1 


33. Compute the sums: 
n 
soe Y arx) Dn- Sarara h) 
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34. Show that for any positive integer n the number 


2n +1) son, (2n Tyros 9 4... 4 (2241) gn 
0 2 2n 
is the sum of two consecutive perfect squares. 


35. Evaluate the sums: 


36. Prove that 


for all integers n > 3. 
37. Prove that 
2* 
У [logs kJ = (n - 2)2^ +n +2 
k=1 


for all positive integers n. 


38. Let zn = 22° +1, п = 1,2,3,... Prove that 
1 з 7? gn-1 


for all positive integers n. 


39. Let f : C + C be a function such that f(z)f(iz) = z? for all z € C. 
Prove that 


f(z) + f(—z) = for all z € C 


40. Consider a function f : (O, o) — R and a real number a > 0 such that 
f (a) = 1. Prove that if 


fef) +4 (2) / (Z) = att) for all e (0, со), 
then f is a constant function. 
41. Find with proof if the function f: R — [—1,1], f(z) = sin[z] is periodical. 


42. For all i,j = I,n define S(i,j) LK. Evaluate the determinant A = 
k=1 
IS(i, J). 
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if i=j 
if 12 J. i+ j * n 
if #+ј = 2п+1 


8 
E 
| 
TOR 


where dt, b; are real numbers. 
Evaluate the determinant Azn = |243]. 


44. a) Compute the determinant 


zyzv 
y vs 
з vey 
v 5y 8 


b) Prove that if the numbers abcd, badc, cdab, dcba are divisible by a prime p, 
then at least one of the numbers 


a+b+c+d, a-b-c-d, a-b+c-d, a—-b—c-^d, 
is divisible by p. 
45. Consider the quadratic polynomials t; (z) = 22 + рух + Ф and (хт) = z? + 
pox + , where pı, po, Q1, O are real numbers. 


Prove that if polynomials ti and tz have zeros of the same nature, then the 
polynomial 


t(z) = т? + (pipa + 40 Ф)= + (Piq + pad) 
has real zeros. 
46. Let a,b,c be real numbers with a > 0 such that the quadratic polynomial 
T(z) = az? + ber + b? + с? — 4abc 


has nonreal zeros. 
Prove that exactly one of the polynomials Ti (zx) = az? + br + c and T(z) = 
az? + cz + b has only positive values. 


47. Consider the polynomials with complex coefficients 
Р(х) = z” + ax”! +--+ an and Q(z) = z^ -bz"^! . . bn 


having zeros 21, 22 . . , u and 21, 22, . , f respectively. 
Prove that if ai + аз + +... and az + a4 + ов +... are real numbers, then 
bi + bg +--+- + bn is also а real number. 
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48. Let P(x) be a polynomial of degree n. If 


k 
POT iri 


for k = 0,1,...,n 


evaluate P(m), where m » n. 


49. Find all polynomials P(z) with integral coefficients such that 
P(P'(z)) = P'(P(z)) 

for all real numbers z. 

50. Consider the polynomials p., i = 1,2,...,n with degrees at least 1. Prove 
that if the polynomial 

P(z) = p (2+!) + zpy(z ^) - + -(), 

is divisible by z^ -- z^7! +---+2+1, then all polynomials p;(z), i = 1,n, are divisible 
by 1 — 1. 

51. Let p be a prime number and let 

Р(х) = aoz" +a”! +--+ аһ 


be a polynomial with integral coefficients such that a, # 0 (mod p). Prove that 
if there аге n + 1 integers ai, a2. „ i such that P(a,) = 0 (mod p) for all 
= 1,2,...,n +1, then there exist i,j with i # j such that a; = о; (mod p). 


52. Determine all polynomials P with real coefficients such that P^(z) = P(x”) 
for all real numbers z, where n > 1 is a given integer. 


53. Let 
Р(х) = aoz” +o” . an, an #0, 
be a polynomial with complex coefficients such that there is an integer m with 
n 
(e 
Prove that the polynomial P has at least a zero with the absolute value less than 1. 


54. Find all polynomials P of degree n having only real zeros 71, £2,- „ u such 
that 


for all nonzero real numbers т. 


55. Consider the polynomial with real coefficients 
Р(х) = aoz” + air +--+ + an, 
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and an # 0. 
Prove that if the equation P(z) = 0 has all of its roots real and distinct, then the 
equation 
z? P" (z) + 3zP'(z) + Р(х) = 0 
has the same property. 


56. Let Ri?) and Nie) be the sets of polynomials with real coefficients having 


no multiple zeros and having multiple zeros of order n respectively. Prove that if 
P(z) € RY and P(Q(z)) € RO, then Q'(z) € pe 
57. Let Р(х) be a polynomial with real coefficients of degree at least 2. Prove 
that if there is a real number a such that 
Р(а)Р"(а) > (a)), 
then Р has at least two nonreal zeros. 


58. Consider the equation 
aoz” + аат"! +--+ +a, =0 

with real coefficients a;. Prove that if the equation has all of its roots real, then 
(n — Daf > 2naga;. Is the reciprocal true? 

59. Solve the equation 

z* — (2m + 1)z? + (m – 1)z? + (2m? + 1)z +m = 0, 

where m is a real parameter. 

60. Solve the equation 

т?” + a 22^7 +--+ + a3, 22? — 2nz +1 = 0, 

if all of its roots are real. 


SOLUTIONS 


1. Let Ni be the number of words having exactly К characters from the set С, 
1< k < т. Clearly, № = n — 1. The number that we seek is № + № +: + Nm. 

Let A, = (1,2,...,k), 1 < k € m. We need to find out the number of functions 
f: Ay — A, k = 2,n with the properties 


f(1)#a, and f(kza 
For f(1) and f(k) there are n — 1 possibilities of choosing a character from 
oz ., en and for f(i), 1 < i< k there are n such possibilities. Therefore the number 
of strings f (1)f(2) ... f(k — 1) (k) is 
N, = (n – 1n*? 
It follows that 
Ny + Мә +++ Nm = (n- 1) + (n – 1) Zn + (п - 1)?! +--+ (n 7 In = 


2 n n™-1 


(Dorin Andrica) 


2. Suppose, for the sake of contradiction, that there are two sets A and B such 
that AU B = {1,2,...,5n}, Ап В = 0 and the sets contain together less than n pairs 
(z,y), z » y, with the desired property. 

Let k be a given number, k = I, n. If k and 2k are in the same set – А or B – 
the same can be said about the difference 2k — k — k. The same argument is applied 
for 4k and 2k. Consider the case when k and 4k are elements of A and 2k is an 
element of B. If 3k is an element of A, then 4k — 3k — k € A, so let 3k € B. Now if 
5k € A, then 5k — 4k — k € A and if 5k € B, then 5k — 3k — 2k € B; so among the 
numbers k,2k,3k,4k, 5k there is at least a pair with the desired property. Because 
k = 1,2,...,n, it follows that there are at least n pairs with the desired property. 

(Dorin Andrica, Revista Matematicá Timigoara (RMT), No. 2(1978), pp. 75, 
Problem 3698) 


3. Note that 
1 = fos, k>1 (1) 


17 
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and furthermore 
fmm) = fim] o flim] (2) 


for all integers mı, ma > 1. 
Suppose that for all integers k > 1 we have fz) 7 z. 
Because there are n! permutations, it follows that for k > n! there are distinct 
positive integers nı > ng such that 
fma) = fll (a) (3) 
Let A = nı — по > 0 and observe that for all k the functions f!*) are injective, 
since numbers a;, i = I,n are distinct. From relation (3) we derive that 
ff) = falt), = € la, , 
or 
(f o fh h- = (f о fi7!(z), ze la, N. 
Because f is injective, we obtain 
fiath- (g) = fe), 2 € [a] 
and in the same manner 
f(z) = f(z), zE [ab] 
or 
f'"(z)-z, zE [a,b]. 
Alternative solution. Let S, be the symmetric group of order n and H,, the cyclic 
subgroup generated by c. It is clear that Hn is a finite group and therefore there is 


integer h such that oll is identical permutation. 
Notice that 


otherwise 
Then f(z) = and the solution is complete. 
(Dorin Andrica, Revista Matematică Timişoara (RMT), No. 2(1978), pp. 53, 
Problem 3540) 


f(z) = { ag) if 2 ui In 
* 


4. Because т + y + z = 0, we obtain 
TY ==, ytz—-r, 2 TT . 
or, by squaring and rearranging, 
2? +y = 22 2, F TL =r 2%, 2 +1? = у – 221. 
The given equality is equivalent to 


2 – 22у, 2° – 202 22 2. y 
- -z -y ye zz ту 
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and consequently to 


3 
~(e+y+2)+2(%+2 +2) 55 


sy) уз зт ту 
The last equality is equivalent to 


2(z^y? + у222 + 221?) = z* + y* + 2“. 
On the other side, from z + y + z = 0 we obtain (x + y +z)? = 0 or 
т? +y? +22 = —2(2y + yz + 21). 
Squaring yields 
z^ + yt + z5 + 20222 + y22? + 2727) = Aly? + 22? + 272”) + SED + y +2) 


or 
z* +y* + 24 = 2(a7y? + y?2? +2727), 
as desired. 
(Titu Andreescu, Revista Matematicá Timigoara (RMT), No. 3(1971), pp. 25, 
Problem 483; Gazeta Matematicá (GM-B), No. 12(1977), pp. 501, Problem 6090) 


5. We assume that numbers a, b, c, d are different from zero. Consider the equation 


(Da) (Dad) 22 (Dab) z + abed = 0 
with roots a,b,c, d. Substituting æ with a,b,c and d and simplifying by a, b, c, d # 0, 
after summing up we obtain 


La (Co) (Ee) + (Dab) (>а) -39 ^ abc — 0. 
Because Ya = 0, it follows that 
Da -3Y abe. 
If one of the numbers is zero, say a, then 
b+c+d=0, 
or b -- c = —d. It is left to prove that b? + c? + d? = 3bed. Now 
D + cè +48 = b? c – (b + e)? = —3be(b + с) = 3bed 

as desired. 

(Dorin Andrica, Revista Matematică Timigoara (RMT), No. 1-2(1979), pp. 47, 
Problem 3803) 

6. Because a + b + c = 0, we obtain 


a? + 0? +c = 3abc and a5--b9 + с? = 5abc(a? +b? + с? + ab + be + ca) 
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The given relation becomes 
3abc = 5abc(a? + b? + с? + ab + bc + ca) 


or 


eco 


a? + 2 + с? + ab + bc + са = 


, 


since a, b, c are nonzero numbers. It follows that 
slat b) +a +8 +2] 5 
and, using again the relation a + b -- c = 0, we obtain 
а +0 + с = 5 


as desired. 
(Titu Andreescu, Revista Matematicá Timigoara (RMT), No. 2(1977), pp. 59, 
Problem 3016) 


7. Consider the equation 
(Do) 2° + (Уа) 2? - (O abe) z + abed = 0, 
with roots a, b, c, d. Substituting x with a,b,c and d, respectively, we obtain after 
summation that 
Dat + (Had) Уа? + аай 
is divisible by У ^ a. Taking into account that 


Lab = 029) e. 


we deduce that 
2 a + (Co) — >] Уа? + 8abed, 
is divisible by Da. Hence 
2(a* -- b* + сї + d*) — (a? + 2 +e + 0)? + Васа 
is divisible by a + b + c + d, as desired. 
(Dorin Andrica) 
8. The equation is equivalent to 
(22 + 62 + 5)(z? + 6z + 8)(x? + 6x + 9) = 360. 
Setting z? + 62 = y yields 
(у + 5)(y + 8)(y + 9) = 360, 
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y? + 22у? + 157y = 0, 
with solutions 
у = 0, y=-11+6i, уз=-11-6. 
Turning back to the substitution, we obtain а first equation, 2? + 6z = 0, with 
solutions zı = 0, z2 = —6. 
The equation 22 + 6z = —11 + 6i is equivalent to (x + 3)? = —2 + 6i. Setting 
z+3=u-+iv, u,v € R, we obtain the system 


u? —v? = –2 
2uv = 6 
It follows that (u? + v?)? = (u? — v?)? + (2и)? = 4+ 36 = 40. Therefore 
u-v = –2 
u? +12 = 2,/10 
and u? = V10 — 1, v? = V10 + 1, yielding the solutions 


x34 = -32 y V10- 15 i Vi0+1 


where the signs + and – correspond. 
The equation т? + бт = —11 — 6i can be solved in a similar way and it has the 
solutions i 


zs = -3+ y V10 - 1-iyvV0+1, ze = -3- y VIO- 1 +iy TO +1. 


(Titu Andreescu, Revista Matematică Timişoara (RMT), No. 3(1972), pp. 26, 
Problem 1255) 


9. The equation is equivalent to 
ж VT +y- fyt2—2V¥z—-24+u-Vutv—-Ww=0, 
or 
I oh es 2 
(ve-5) +(vi-3) -(Vz-2-1) + 
1\? I" 
* (v«- 3) „( 3) =0 
Because z, y, z, u,v are real numbers, it follows that 
у= Vj- Vu Vi and ¥z-2=1. 


Hence 


(Titu Andreescu, Revista Matematicá Timigoara (RMT), No. 2(1974), pp. 47, 
Problem 2002; Gazeta Matematică (GM-B), No. 10(1974), pp. 560, Problem 14536) 
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10. Setting X = z + 1 and Y = y — 1 yields 
(X 4 Y? = XY 


jx +Y? a (X +Ү)?] = 0. 
Hence X — Y — 0, so the solution is z — —1 and y — 1. 
(Titu Andreescu, Revista Matematică Timigoara (RMT), No. 1(1977), pp. 40, 
Problem 2811) 


11. The equation is equivalent to 


el ere н 


Squaring the equation yields 


Az + MiG ү: Vd z +3 = 2/т +1 


Squaring again implies 


162+ Vx VA"z +3 = 4/2 +1 
Continuing this procedure yields 
4 +3 = 4% + 2:2" , +1 


and 2-2",/z = 2. Hence z = 2. 
(Titu Andreescu, Revista Matematică Timigoara (RMT), No. 4501972), pp. 43, 
Problem 1385) 


12. We distinguish two cases: 
1) b = c. The equation becomes 


V7 + а+ Ух +0 = ут 4 a, 


so z= —b. 
2) b # c. The equation is equivalent to 
Мх +Ь+/х+с=/х+а+Ь—с—х+а, (1) 
ог 
b-c КЕ b-c 
VT VTG vVr+a+b-c+yr+a 
80 


МЕ +0 TS = ух+а+ь- с+ ух +а. (2) 
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Summing up relations (1) and (2) we obtain 
Vvz+b=Vzr+a+b-c, 


and then a = c. 

To conclude, we have found that 

(1) If b = c, then the equation has the solution т = b. 

(ii) If b # c and a ӯ c, there is no solution. 

(iii) If b сара a = c, then z = —a is the only solution. 

(Titu Andreescu, Revista Matematicá Timigoara (RMT), No. 2(1978), pp. 26, 
Problem 3017) 


13. Because a and b are distinct numbers, z and y are distinct as well. The second 
equation could be written as 
a? € b? = (z? = yy 
and the system could be solved in terms of a and b. We have 


a^? = by? 227 (2^ — y*) + (at — y? 
а?а? = Be? zh (a? — yy. 


Subtracting the first equation from the second yields 
V (z? — у?) — 2by(z? — у) (22 y?) + z* (a? — y? — (2 y! Y (n e у)? =0 
which reduces to 
b? — 2by(z? + y?) - y (2? — y^) 32? +17) = 0. 


Solving the quadratic equation in b yields b = y? + 322у (and a = z? + 3zy?) 
or b = y? — z?y (and a = 2° — zy?). The second alternative is not possible because 
a = z(z? —y?) and b = y(y* A) cannot be both positive. It follows that a = z*--3zy? 
and b = 3z?y + y?. Hence a + b = (x + y)? and a — b = (т — у). The system now 
becomes 


1 4 = Уа+ьЬ 
1 = N= 


and its unique solution is т = (Ya +b + = 5/2, y = (Ya +b – Va — 5/2. 
(Titu Andreescu, Korean Mathematics Competitions, 2001) 


132 + 4 


14. Let 3 


=y, y € Z. It follows that 


23 —4 
ES TR 
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and the equation is equivalent to 
25 
13 (3y – 4) – 2 
1 =y, 
or 
75y — 126] _ 
52 |" 
Using that for any real number a, [a] < a < [a] + 1, we obtain 
75y — 126 
Сози eT 
126 178 


or 126 < 23y < 178, so <y < = 
Note that y € Z, therefore y = 6 or y = 7, thus 


are the desired solutions. 
(Titu Andreescu, Revista Matematică Timişoara (RMT), No. 3(1972), pp. 25, 
Problem 1552) 


15. From a > 15 we obtain a? —a — 1 > 0, or a > + +1. We have 
2 
[Hr] =} +na-a, O<a<l. 
a a 
Hence Е 
1+ na 
1+ | = | 1+-+na-a 
a = 
a a 2 
= [(1+3-a) į +0] =n, n>0 
That is because 
(1+2-а) s -% - 1 1 
and 


(1+2-а) > >20 
а a a 

(Titu Andreescu, Revista Matematică Timişoara (RMT), No. 201978), pp. 45, 
Problem 3479) 


16. First we consider the case when & +y + z = 0. Then х3 -- y? + 49 = 3zyz and 
the ratio equals 3? а8 desired. 
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Conversely, if 
Qeyz—(2+y+z)_ 2 
Hyp 3’ 
then 
6zyz — 3(z +y + 2) = 2(2* + y? + 23) 
and so 
2(z? + y? + z? — 3zyz) + 3(z +y +z) = 0. 
Using the formula 


z? +y? +29 — Зтух = (rcy-ci)r^-y +27 — ту — yz – 22), 
we obtain by factorization that 
(z +y + zz + y? + 22 – ту – yz – т) +3] = 


and so 
(z +y ie y + (у — 2) + (2-2) +3] = 
Because the second factor is positive, it follows that z + y + z = 0, as desired. 
(Titu Andreescu, Revista Matematicá Timigoara (RMT), No. 1(1973), pp. 30, 
Problem 1513) 


17. We write the equation as 
— 2/2) TT + 29 — 2-2 /z4 — 22 +--+ + En — пух = п? = 0, 
or 
А 2 2 
(Vai -1-1! «(Vm -2 -2) ++ (V ==) =0. 
Because the numbers 2;, i = 1, п are real, it follows that 
41 = 2, 5 1 = 2n? 
(Titu Andreescu, Revista Matematică Timigoara (RMT), No. 1(1977), pp. 14, 
Problem 2243) 
18. Using the identity 
(а + b - c = а? +b +c +3(a+b)(b+c)(c+a) 


we obtain 
3 
Qe pm Ge C) )- 
=9+1+54=64 
Hence 
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and so 


1 1 
m» 
The system is now reduced to 
£ y 
T MM EE 
ў у 
which is а symmetric system, having the solution 
1 1 
225.21 and т=1,у=;. 


(Titu Andreescu, Revista Matematică Timigoara (RMT), No. 4-5(1972), pp. 43, 
Problem 1386) 
19. By summing up the equations of the system we obtain 
(422 — Az + 1) + (4y? — dy + 1) + (4v? — 4u + 1)+ 
+(402 — 40 + 1) + (4w? — 4w + 1) = 0. 
It follows that 
(22 — 1)? + (2y — 1)? + (2u — 1)? + (2v — 1)? + (2w - 1? =0 
Due to the fact that 2, y, u, v, ш are real numbers, we obtain 
т= № = u = 0 = 0 = 2 
(Dorin Andrica, Gazeta Matematică (GM-B), No. 8(1977), pp. 321, Problem 
16782) 
20. From the triangle inequality we deduce 
la; — af < |а — aiil +--+ + [65-1 – a;l S 


€(-i) max _|jaj-aj|/<j-i, 1<i<j <5 


1<4<]<5 
Непсе 
L («-ays Y, G-3- 
1<4<]<5 1€icj«5 
= (1? + 22 + 3? + 4?) + (1? + 22 + 32) + (12 + 22) + 12 50 
So 


121 [TL 
4 


5 E 
4} a? -29 aja; S 50 
"i 


1.2. SOLUTIONS 27 
and consequently 
5 5 = 
5 Daf 2 ч) < 50 
i=l i=l 
5 5 
Note that La = 0 and so Уа? < 10, as claimed. 


t1 i=l 
(Titu Andreescu, Romanian Mathematica Olympiad - second round 1979; Revista 
Matematică Timigoara (RMT), No. 1-2(1980), pp. 61, Problem 4094) 


21. The inequality (a + b)? > 4ab yields 


t КЫ?! 4 
a b^a+b 
) E- d 4 АА 
Mu MISERIAS £ ore 
Summing up these inequalities yields 
FTF 
2a 2b 2c arb b+c c+a’ 
as desired. 


(Dorin Andrica, Gazeta Matematicá (GM-B), No. 8(1977), Problem 5966) 


22. Using the identities 
a* +b° + c? = (a +b + c)? — 5(a + b)(b+c)(c+a)(a? +b? + c? + ab + bc + ca) 


and 
a? + b? + c? = (a -- b -- c)? - 3(a + b)(b e) (e + a) 


we obtain 
a5 +b + с – (abc 5 
Е ртр" рч рау рро pe t) 6r eee 
It suffices now to prove that 
30 P + 2 +ab+ be +a) > Ж (а+Ь+ 9? 
ог 


3(a? +b? + с? + ab + be + ca) > 2(а? + b? + с? + 2ab + 2bc + 2ca). 
The last inequality is equivalent to 
а? + b? + c? > аф + Бс ca, 
which is clearly true. 
(Titu Andreescu, Revista Matematica Timişoara (RMT), No. 1(1981), pp. 49, 


Problem 4295; Gazeta Matematicá (GM-B), No. 6(1980), pp. 280, Problem O-148; 
No. 11(1982), pp. 422, Problem 19450) 
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: 
b 


(-9 6-2 6-2» : 
eee) a 


From the relation (1) and using abc — 1 we obtain 
1-5 


20 (455) (3) 


23. Assume by contradiction that all numbers 2a — 
than 1. Then 


1 1 
= йл 
‚ z 2с g аге greater 


On the other hand, relation (2) gives 


20 0 (455) >з 


which is a contradiction. 

The proof is complete. 

(Titu Andreescu, Revista Matematicá Timigoara (RMT), No. 2(1986), pp. 72, 
Problem 5982) 


24. Assume by contradiction that all numbers are greater than 1/4. Then 
1 1 


1 1 
— — — — п? — — — СӘ 
a-b +b- +с- Ф +4 cited tay Gay Gr 


1 к! fou m | 
o» (5- ) (0 (2 (29 А 
This із a contradiction so the claim holds. 
(Titu Andreescu, Revista Matematică Timigoara (RMT), No. 1(1985), pp. 59, 


Problem 5479) 


hence 


25. Setting a; = sin? aj for i = 1,n, where a5,09,...,a4 are real numbers, the 


n 
E- >. V sin? ai сов? аң, азы =. 
ii 


Using the AM-GM inequality yields 


expression becomes 


k 
LY bib b, bi o, i-LE 
i=1 


For b, = sin? aj, b = cost ayy, and by = by = +++ = by = ys we obtain 
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Summing up these relations for k = 1,2,...,n yields 
1 (n+ zt) ee A 


k 2 = HB 
and so ка А 

. T 9l-— 

1 

Soag 2 . 

Hence the maximum value of E is Vi and it is reached if and only if 

5 

а 


(Dorin Andrica, Revista Matematicá Timigoara (RMT), No. 1(1978), pp. 63, 
Problem 3266) 


26. Because z and m are positive, we have to prove that 


z(r"" — 1) — m(z" — 1) > 0, 


(z^ – 1)[(z")"7!z + (* a +---+2—m) 2 0. 

Define E(x) = (4 - + (mi + ---+2—m and note that if т > 1, then 
z^ > land Е(х) > 0, so the inequality holds. In the other case, when = < 1, we have 
n < l and E(z) <0 and again the inequality holds, as claimed. 

(Titu Andreescu, Revista Matematică Timişoara (RMT), No. 2(1978), pp. 45, 
Problem 3480) 


27. For m € n the inequality is clearly true, so consider m > п and define 
p= [2]. This implies that т = pn +q with q € {0,1,...,n — 1} and the inequality 
can be written as 

(pn + 4)! > (n))“. 
We have 
(pn + ч)! > (pn)! = 
= (1-2...n)(n+1)...(2n)...((p—1)n+1)...(pn) > (n!)?, 
and we are done. 


(Titu Andreescu, Revista Matematică Timişoara (RMT), No. 2(1977), pp. 61, 
Problem 3034) 


28. We will use the inequality 
"PT PUO 2 


which holds for all positive real numbers 21, z, . . rn and all m € (—oo, 0] U [1, оо). 


(zi 22 , 
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Now set ту = 1, z = 2,..., Zn = n and m = f. We obtain 


1 1 1 [n(n+1)]~* rS 
ewrtypt t ae pac | ey es 
as desired. 
(Titu Andreescu, Revista Matematică Timişoara (RMT), No. 2(1974), pp. 52, 
Problem 2035) 


29. From the AM-GM inequality we deduce 


1edtl. yiti- 


- uu ——= yn +l, 
n ы, i=l * 
ог 
1c1.. 
1--» 5-2 ni. 
п c i 
i=l 
and so $0 i 
lt+gtgt+---+—oa(tati-)), 
as desired. i21 
Observe that the inequality is strict because the numbers —— i „i = Tn, are 
distinct. 
In order to prove the first inequality we apply the AM-GM inequality in the form 
15-4 n-1 
155 1 
. 
Therefore 
DE 
3 n 1 
> — 
n n 


Or 


1 1 1 
(78) 112 na 
(Dorin Andrica, Revista Matematică Timişoara (RMT), No. 2(1977), pp. 62, 
Problem 3037) 


30. Because the numbers ai, a2 , an are positive, from the AM-GM inequality 
ea. Malar > a102... an 


n 
we deduce that t. < (a az . 4) F. Using that numbers a; are less than 1 we obtain 


-1 
loga; tn 2 2— log, (erde. . an). 
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Summing up these inequalities yields 
n 

p log, tn 2 
i=l 


е1 
= OM ыр 
+(log,, Gn—1 + log,, _, an)]. 
Note that a + 2 > 2 for all a > 0, so 


Y on, tn 2 


i=l 
as claimed. 
(Dorin Andrica, Revista Matematică Timişoara (RMT), No. 2(1977), pp. 62, 
Problem 3038) 


Oos. (al az. an) = 
21 


I 20 — 1) L 2 - 2) . 4 J (-n, 


31. We begin with the following lemma. 
Lemma. Let a > b be two positive integers such that 


Va — V » 1. 


Then between numbers a and b there is at least a perfect cube. 
Proof. Suppose, for the sake of contradiction, that there is no perfect cube between 
a and b. Then there is an integer c such that 


Sb cas (с+ 1). 


This means 
c € Vb « Яа <с+1, 
50 
Va - Vb « 1, 
which is false. O 


Now we can easily check that for n = 10, 11, 12, 13, 14, 15 the statement holds. 
If n > 16, then 


1 1 
п > (2,5)% = "TID (43-1) 
ог 
H> т 1 
Hence 
Vn — 4n > 1, 


and using the above lemma the problem is solved. 
(Titu Andreescu, Revista Matematică Timişoara (RMT), No. 1-2(1990), pp. 59, 
Problem 4080) 


32 1, ALGEBRA 


32. Note that the number o ER he EE eed НА 
even for k = 4p + 3 or k = 4p, where р is a positive integer. 

We have the following cases: 

i) if n = 4m, then 


n m-l 
» 7 \(-1)^# = Y (-4p-1-4p-2+4p+3+4p+ 4) = am. 
k=1 p-0 


ii) if n = 4m + 1, then 
Sn = Am- (Am + 1) = —-1. 
iii) if n = 4m + 2, then 
5, = 4m — (4m + 1) — (4m + 2) = —(4m + 3). 
iv) if n = 4m + 3 then 
Sn = 4m — (4m + 1) — (4m + 2) + (4m + 3) = 0. 


Hence 
4m if n—4m 
2x —1 if n= Am +1 
"™ | -(4m+3) if n=4m+2 
0 if n=4m+3. 


(Dorin Andrica, Revista Matematică Timişoara (RMT), No. 1(1981), pp. 50, 
Problem 4303) 


33. a) Summing up the identities 


C exi ваат (0) 


for k — 0 to k — n yields 


1 nN (n9-2V (n+2\\ _ 
S esee ÈC- 0-0) - 
- 1 
© (n+2)(n +1) 
b) Summing up the identities 
n+3\ _ (п + 3)(n + 2)(n + 1) n 
( k Jw (8) 
for k = 0 to k =n yields 


2"+2 — (n +3) 


-G 2)— 1) Na I 


1 


T= а 30920941), 
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29 m3 n+3 n+3 n+3 

| 3 k ) m (271) У (25) = 2) 

s 1 2 12 Ж 

~ (n+3)(n+ 2)(n + 1) (2+ - 3" +%+2)) E 
2 — (n? + 3n + 2) 
~ 2(n+3)(n + 2)(n - 1) 

(Dorin Andrica, Revista Matematicá Timigoara (RMT), No. 2(1975), pp. 43, 
Problem 2116) 


34. Let S, be the number in the statement. 
It is not difficult to see that 


S, = i [(2+ v3) + (2- з) | | 


The required property says: there exists k > 0 such that Sn = (k — 1)? + k?, or, 
equivalently, 
2k? — 2k + 1- 5, = 0. 
The discriminant of this equation is A = 4(25, — 1), and, after usual computa- 


tions, we obtain , 
x Са oe | 
2n é 
Solving the equation, we find 
c 9nl + (1 +З" + (1 ye m 
= e urs I NN ee ceu 
Therefore, it is sufficient to prove that k is an integer. Let us denote Em = 
(1+ V3)" + (1— V3)”, where m is a positive integer. Clearly, Em is an integer for 
all m. We will prove that Ar! divides Em, m = 1, 2, 3... . Moreover, the numbers 
Em satisfy the relation 
Em = 2Em-1 2E 2. 
The property now follows by induction. 
(Dorin Andrica, Romanian IMO Selection Test, 1999) 


35. Differentiating the identity 


sinnz = sin" ( (7) eoe 2 - (2) cotta. (y) eoa...) 


yields 
1 
P' 
siat n (cot z), 


ro (Je Qe (ie 


ncosnz = nsin”? zcoszP(cot ) - sin" z 
where 
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т i 
For z — i we obtain 


4 


ара) =n() -() +n(5) --- 


-2P'(1) = -2(n — 1) (7) +2(n-3)(3) 2 945 DON 


ncosn- = (7) (nP(1) - 2Р'(1)). 


Because 
an 


we have 


Ра) -2P = - [s - »(1) - %-®(%) +@-%(®) -...] = 
0-0 00 
000.0 -r 

s, = ^ CP (cos "E + sin T) 


(Dorin Andrica, Revista Matematică Timişoara (RMT), No. 2(1977), pp. 89, 
Problem 3200) 


To conclude, use 


hence 


36. Differentiating with respect to z the identities 


(z 1)" = 0 + (Des (%0 
( — 1)" = (= - бе jet 3 0 
n(z ＋ 1) = (50 (es „(% 


к= 10% sG- (, ә 93 4 Q 49 (т 
Multiplying Бу т gives 


nz(z41)"7 = () 20) e 


nz(z - 1) = 0% 2" (n – 1) é x jo Сту (0 


and 
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Differentiating again we obtain 
n(z ＋ 1) + n(n - Datz T 1) = (2) +2? (2) ++ (*) "С! 


n 


n(z — 1) + n(n – 1)z(z 1) = n? in z"^! — (n— 550 Е ) 1 2 


ен {АЙ oM 


Setting z — 1 yields 


and 


"i 0% «v (3) -- 


Summing up the last two identities gives 


Sn = 1? (") +3? (3) +: = п(п + De. 
as desired. 


(Dorin Andrica, Revista Matematica Timisoara (RMT), No. 1(1978), pp. 90, 
Problem 3438) 


37. Note that 


2° n-1 2t! 1 
S logak] = У, Y. log, K] + flog, 2”), 
k=1 i=0 k=?! 
and flog, К] = i for 2f < k < 2**!. 
Hence 


n=l 


oes = on - 24 + flog, 27] = (n - 2)2"+n+2 


as claimed. 
(Dorin Andrica, Revista Matematică Timişoara (RMT), No. 2(1981), pp. 63, 
Problem 4585; Gazeta Matematicá (GM-B), No. 2-3(1982), pp. 83, Problem 19113) 


38. Let yn = 22° — 1 for all positive integers n. Then 


А Кз ul 2 (27 2.22" +1 
W ma #-1 PN Qe-jügt-9 
(27^ – 1)? 27 -1 1 1 
= -ei pP- P +l z, 
and therefore 
i 3 a 
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2 2 27 
T2 Уу Vs 
9n-1 9n-i 9n 
Zn Уһ а 
Summing up these relations yields 
2 n-1 n 
77770 2 <1 
T1 2 1з Tn М è Yma M 


for all positive integers n, as desired. 
(Dorin Andrica, Revista Matematică Timigoara (RMT), No. 1-2(1980), pp. 67, 
Problem 4135) 


39. Substituting z with iz in the relation 
FG) = 2? 
yields 
f (iz) f(-z) -. 
Summing up gives 
f(z)(f(z) + f(-2)) = 0, 

so f(iz) = 0 or f(z) + f(-z) = 0. 

From the relation f(z)f(iz) = z? we deduce that f(z) = 0 if and only if z = 
O. Hence if 2 # 0, then f(iz) # 0 and so f(z) + f(—z) = 0 and, if z = 0, then 
f(z) + f(-z) = 2f(0) = 0. Clearly, f(z) + f(—z) = 0 for all numbers z € C, as 
desired. 


Remark. A function f : C — C satisfying the relation f(z)f(iz) = z? is f(z) = 
( V2 у 


ЖЕ нше 0) е 


(Titu Andreescu, Revista Matematică Timigoara (RMT), No. 2(1976), pp. 56, 
Problem 2583) 
40. Setting z = y = 1 yields 
f*(1) + = 2/(1) 
and {f(1) — 1)? = 0 so f(1) = 1. Substituting y = 1 gives 
FEA) + / (2) Аа) = 2/(х) 
ог 
у) = (2), 2>0. 
Take now у = : and observe that 


fas (2) +4 (2) f f. 
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Consequently, 
ft (=) 21, 


therefore f?(z) = 1, z > 0. 
Now set z = y = vt, that gives 


гой) + (5) =з 


and because the left-hand side is positive, it follows that f is positive and f(z) = 1 
for all z. Then f is a constant function, as claimed. 

(Titu Andreescu, Revista Matematică Timigoara (RMT), No. 12(1977), pp. 45, 
Problem 2849; Gazeta MatematicÁ (GM-B), No. 10(1980), pp. 439, Problem 18455) 


41. The function is not periodical. Suppose, by way of contradiction, that there 
is a number T > 0 such that 


f(z +T) = f(z) or sin[z + T] = sin[z], for all z € R. 
It follows that 
[r-T]-[z] -2k(z), z€R, 
where k: R — Z is a function. Because т is irrational, we deduce that k(x) = O for 
all т € R and therefore 
[z] = [z + T] for all z € R 

which is false, since the greatest integer function is not periodical. 

(Dorin Andrica, Revista Matematică Timisoara (RMT), No. 1(1978), pp. 89, 
Problem 3430) 


42. Considering the determinant 


1 2 3 n 

Ру py. n? 

1 20" 39 п" 

we have 
1 1 1 1 
os 2 2 эз... gn 
А = |$(,3) = 5- ый a 

n! n? m? n” 


because the second determinant is obtained from б by interchanging rows and columns. 
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On the other hand, 
1 1 1 25 1 
Lr p es. cnp mis 


ku ne M ше 
(here we used the known result on Vandermonde determinants). Therefore 
|S(é, j)| = 6? = (1. 2^7 ... (n – 1)?n)? 


(Dorin Andrica, Revista Matematicá Timigoara (RMT), No. 1(1982), pp. 52, 
Problem 3862) 


43. The determinant is 
а 0 0 eae 0 0 bi 
0 a 0 vais 0 bz 0 
0 0 ag bs 0 0 
Aan = „ 1 Oe wae E TT 
0 O bana ... Gm2 0 0 
0 ben—1 0 T 0 ü2n—1 0 
bon 0 0 owe 0 0 aan 


Expanding along the first and then the last row we obtain 
Aan = (al dazu — biban) An-, 


which gives 


n 


Aon = JI (а-к — bibas kai) 
k=1 


(Dorin Andrica, Revista Matematică Timigoara (RMT), No. 2(1977), pp. 90, 
Problem 3201; Gazeta Matematică (GM-B), No. 8(1977), pp. 325, Problem 16808) 


44. a) Adding the last three columns to the first one yields that £ +y +z +v 
divides the determinant. 

Adding the first and second columns and subtracting the last two columns implies 
that z + у — z v divides the determinant. 

Analogously we can check that z —y--z —v and z—y-—2z--v divide the determinant, 
and taking into account that it has degree 4 in each of the variables, the determinant 
equals 

Az-c-yc-z-v)r-y-z—-v)r-yc-z—-v)r-y-z-v) 


where А is a constant. 
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Because the coefficient of z* is equal to 1, we have A = 1 and so 


zy 2 № 


=(z +y +z+v)(z+y-z-v)(z-y+z-v)(z-y-z+v) 


exe 
x» e R 
= 8 e 


=(a+b+c+d)(a+b-c-d)(a-b+ce-d)(a-b-c+d) 
d cba 


On the other hand, multiplying the first column by 1000, the second by 100, 
the third by 10 and adding all these to the fourth, we obtain on the last column 
the numbers abcd, badc, cdab, dcba. Because all those numbers are divisible by the 
prime number p, it follows that p divides A and therefore p divides at least one of the 
numbers a+b+c+d,a+b—c-—d,a—b+c-—d,a—b-—c+d. 

(Titu Andreescu) 


45. Because the quadratic polynomials і (х) and t2(z) have zeros of the same 
nature, it follows that their discriminants have the same sign, hence 


(pi 4%) 0 — 46) 2 0. 
Consequently, 
(pip + 4n. Ф) – 4р1 + Pan)? > 0. 
Note now that the left-hand side of the inequality is the discriminant of the 
quadratic polynomial ¢ and the conclusion follows. 


(Titu Andreescu, Revista Matematică Timigoara (RMT), No. 1(1978), pp. 63, 
Problem 3267; Gazeta Matematică (GM-B), No. 5(1979), pp. 191, Problem 17740) 


46. Because the quadratic polynomial T has nonreal zeros, the discriminant 
А = 22 — 4а( + с — Aabc) 
is negative. 
Observe that 
A = (b? — 4ac)(c? — 4ab) < 0, 
where A; = b? — dac and А» = с? — dab are the discriminants of the quadratic 


polynomials Т, and Tz. Hence exactly one of the numbers A; and А» is negative and 
since a > 0, the conclusion follows. 


(Titu Andreescu, Revista Matematică Timigoara (RMT), No. 1(1977), pp. 40, 
Problem 2810) 
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47. Observe that a; + a t an and a; —a2+---+(—1)"~1a, are real numbers, 
that is P(1) and P(—1) are real numbers. Hence 
P(1) = P(1) and P(-1) = P(-1) (1) 
Because P(x) = (£ — z1)...(z — Zn), the relations (1) become 
(1—21)...(1- 25) = (1- Zi)... (1— Z4) 
and 
(1+ 21)...(1+ 2») = (1+ Z1)... (I ＋ Z4) 
Multiplying these relations yields 
4-21). (- n) = (1-)...(1-т), 
or Q(1) = Q(1). Therefore b; + b; +- + bn is a real number. 
(Titu Andreescu, Revista Matematică Timigoara (RMT), No. 11977), pp. 47, 
Problem 2864) 


48. Because P(0) = 0, there is a polynomial Q with P(z) = zQ(z). Then 
1 M 
Q(k) = 1 k = I, n. 


Define H (r) = (x + 1)Q(z) — 1. It is clear that deg H (z) = n and H(k) = 0 for 
all k = 1,n, hence 


H(z) = (z + 1)Q(z) — 1 = a(z - 1)(2 - 2)...(2 n) (1) 
Setting т = т, m > n in relation (1) yields 


E 


m 71 
On the other hand, setting z = —1 in the same relation implies 

_ (ту 

40 — (n I 

Therefore 
-1)"*!(m – 1)(m - 2)...(m—n 1 
Qm) = 2 caer | ен 
and then 


(-I) amm - 1)...(m —n) m 
Рун) = (n +1)(т +1) I 
(Dorin Andrica, Gazeta Matematică (GM-B), No. 801977), рр. 329, Problem 


16833; Revista Matematică Timişoara (RMT), No. 1-2(1980), p. 67, Problem 4133) 


49. We are looking for a polynomial with integral coefficients 
P(x) = dr +a”! +--+ an, #0. 


1.2. SOLUTIONS 41 


We have 
P'(z) = naz”! + (n – haz ⁹ +--+ + asi 


and by identifying the coefficient of 2("—1)% in the relation P(P'(z)) = P'(P(z)), we 
obtain 


or aon 1 = 1. Hence 
Qo = пп-1 
and since do is an integer, we deduce that п = 1 and ао = 1. Then Р(х) = z + а, 
P'(z) = 1 and P(P'(z)) = P'(P(z)) yields 1+ а = 1 or a; = 0. 
Therefore Р(х) = & is the only polynomial with the desired property. 
(Titu Andreescu, Revista Matematicá Timigoara (RMT), No. 1-2(1979), Problem 
3902) 


50. Let 01, 62, „ % be the roots of the equation 


a IT II . 427110. 


They are all distinct and 67 = 1, i I, n. 
Because P(z) is di visible by æ + z"~' + -.-+2 +1, it follows that P( 9.) = 0, 
i = І, л, hence 


m(1) + @1р2(1) +--+ + 027! p. (1) = 0 


pi(1) + #2рә(1) .. + 027! p, (1) = 0 


pi (1) + 8 po (1) +-+- + 65! pa (1) = 0. 
The above system of equations has the determinant 


LU uM 

v.|! & ww mw 

rer 
Because all of the numbers 6;, 62,...,0, are distinct, it follows that V # 0 and 
so the system has only the trivial solution pi(1) = pa(1) = . = pa (1) = 0. This is 


just another way of saying that = — 1 divides p.) for all i = I, n. 
(Dorin Andrica, Revista Matematică Timigoara (RMT), No. 2(1977), pp. 75, 
Problem 3120; Gazeta Matematica (GM-B), No. 8(1977), pp. 329, Problem 16834) 
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51. Consider the determinant 


a a2 n+l 
V=| a? a} .. oà4 a II (о-о) 
e E 
o? 02 ... озу, 
Multiplying the second row by a4.;, the third by a4 5,..., the last by ap and 
adding all to the first yields 


P(ay) P(a2) "T P(a541) 
01 03 EE An n+l 
V=| o o .. а, |=an Ц (о-о) 
Te 
a? ӨЙ o — Xu 


On the other hand, P(a,) = 0 (mod p), for all т = 1,n +1 and a4 #0 (mod p) 
implies II (аһ — ол) = 0 (mod p). Therefore there are at least two numbers 
1<1<Ё<п+1 
Qi, aj, i # j such that a; — a; = 0 (mod p) and so a; = a; (mod р), as desired. 
(Dorin Andrica, Gazeta Matematicá (GM-B), No. 8(1977), pp. 329, Problem 
16835) 


52. Let m = degP(z) and let 
Р(х) = aoz" + Q(z), ao #0 
If follows that degQ(z) =r € m — 1. 
From P) = Р(х”) we obtain 
aa" (i) l-) + -+-+ Q^) = aa" + Qla”), 
or 
ap z"" + R(z) = agz"" + S(z), 
where 
degR(z) — m(n — 1) 4- r and degS(z) — nr. 
Because ау Æ 0, it follows that ag = 1 if n is even and ag = 1 or ag = —1 if n is 
odd. Moreover, 
degR(z) — degS(z) 
or 
min - 1) Tr nr 
and 80 
(n — 1)(m - ғ) = 0. 
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This is impossible if Q(z) * O, because n > 1 and m > r, therefore Q(z) = 0 and 
the polynomials are 
Р(т) =2™, for n even and 
P(z) = xz", for n odd. 
Alternative solution. Let degP(z) — m and let 
P(z) = аот" + 2") +++» + am. 
If P(x) = z* Q(z) with k a positive integer, then 
z*^Q"(z) = 2" Q(z”) or Q"(z) = Q(z") 


Note that Q satisfies the same condition as P. Assume that Р(0) 5 0. 
Setting т = 0 in the initial condition yields ap, = am. Then am = 1 if n is even 
and am = +1 if n is odd. Differentiating the relations implies 


nP^-! (z)P'(z) = nP'(z^)z"-!. (1) 


Setting now т = 0 gives P'(0) = 0 and so аљ: = 0. 
Differentiating again in relation (1) yields analogously a,4,..5 = 0 and then 


am- = am- +++ = ag = 0. 
The polynomials are 

Р(х) = т", if n is even and 

P(z) = +2”, if n is odd. 
(Titu Andreescu, Revista Matematică Timigoara (RMT), No. 1-2(1979), pp. 59, 
Problem 3884) 

53. From the relations between the zeros and the coefficients we obtain 

= = (-1)" У zita M Фи 


and 


It follows that 


Е = (-1)"2122...2p. 
am 


e 
2123 ...23-т аһ т 


and by applying the triangle’s inequality for complex numbers, we deduce that 


Ыш E- (=) 
lzil[zal...|zn-m| m/ 


Consider то = min(|zi], za], . . , |zn |). Then 


(2) а> (5) 


SO zo < 1, as claimed. 
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(Titu Andreescu, Revista Matematicá Timigoara (RMT), No. 2(1978), pp. 52, 
Problem 3531) 


54. We have 
T P'(z) п? 
ePa)-z т 
Integrating the equation yields 
n 
YL bP) - 2| =n?lnClz|, С>0 
i=l 
or 
- a 2 
In [TIP(2) i = 1n C" |z|” 
i=1 
Hence 


= kr“, k»0 


П(Р(2) – z) 
121 
or 
|P(P(z))| = к\т”. 
Eliminating the modules gives 
P(P(z) = А2", AER 


Therefore P(x) = az" with a € R 
(Titu Andreescu, Revista Matematicá Timigoara (RMT), No. 1(1977), pp. 47, 
Problem 2863; Gazeta Matematică (GM-B), No. 1(1977), pp. 22, Problem 17034) 


55. Define Q(z) = zP(z). Because a, # 0, the polynomial Q has distinct real 
zeros, so the polynomial Q' has distinct real zeros as well. 

Consider H(z) = zQ'(z). Again, we deduce that H’ has distinct real zeros, and 
Since 

H'(z) = 2? P" (z) + 3zP'(z) + P(z) 

the conclusion follows. 

(Dorin Andrica, Revista Matematică Timigoara (RMT), No. 2(1978), pp. 52, 
Problem 3530) 


56. Let m = degP(z) and let 


Р(х) = a(z - z1)(z — 23)... (z m). 


Because P(z) є Riz], 21,22,---,2m are distinct zeros. 
Now 


P(Q(z)) = (Q(z) - )(Q(z) - тз)... (Q(z) — 2m) 
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has a multiple zero a of order k. Since P(Q(a)) = 0, we have 
ао II (Q(a) – 20) = 0, 
i=l 


and so there is an integer p, 1 < p < m, such that Q(a) — zp = 0. Observe that 
Q(a) — zp 7 0, for all j # p, otherwise zj = тр, which is false. Hence Q(z) — z; has 
the multiple zero a of order k and so Q'(z) = (Q(z) — zp)’ = Q'(z) has a multiple 
zero of order k — 1. This concludes the proof. 

(Dorin Andrica, Romanian Mathematical Olympiad - final round, 1978; Revista 
Matematicá Timigoara (RMT), No. 2(1978), pp. 67, Problem 3614) 


57. Assume by way of contradiction that P(x) has less than two nonreal zeros. 
As a polynomial with real coefficients P(z) cannot have only one nonreal zero, hence 
all of its are real. Let 21, 42, „ u be the zeros of P(z). 


Then 
Pz) « 1 
P(z) >. 2-1; 
and differentiating we obtain 
PPC) -[P(2? |^ 1 
t NM Om 2 (= — 21)? 


і=1 
Setting z = a we reach а contradiction, therefore Р(х) has at least two nonreal 
zeros, as claimed. 
(Titu Andreescu, Revista Matematicá Timigoara (RMT), No. 1-2(1979), pp. 59, 
Problem 3883) 


58. Let P(x) = aoz” + a1z^^! + --- + an be a polynomial with real coefficients. 
If all of its zeros аге real, then the same is true for the polynomials Р’, 
p,...,Pn-9, 
Because 
(n - 2)! 


Р("-2) = lulu — l)aoz? + 2(n — 1)a1z + 2a] 
is a quadratic polynomial with real zeros, we have 
A = (n — 1)?aj – 2n(n – 1)aga; > 0, 


(n — haf > 2naoaa. 
The reciprocal is not always true, as we can see from the following example: 


P(x) = z? + (a + 1)z? + (a  1)z +a, 
with a € (-, —1]U [2, oo). 
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Observe that 2(a + 1)? > 2-3(a+1), or (a + 1)(a — 2) > 0, so the inequality 
holds. On the other hand, P(x) = (z + а)(т? + т + 1) does not have all zeros real. 

(Dorin Andrica) 

59. For m = 0 the equation becomes 

тё 13 –- т? +т = 0 

and has roots 21 = 0, z; = —1, 23 = z4 = 1. 

If m # 0, we will solve the equation іп terms of m. We have 

22m? + (z? — 22° + I) mA - – т? +2 = 0 
апа 
А = (22 – 225 + 1)? — 822(2° — 2? — z +1) = (22° — 32? + 1)?. 

It follows that 


m =z°-r and "з = 21, 
The initial equation becomes 
[m — (x? )] [m - “= = 
Hence 
r r m, with solutions 212 Levitan гы 
and 


z? —2тт—-1=0, with solutions 234 =m+/1+m?. 


(Dorin Andrica, Revista Matematicá Timigoara (RMT), No. 2(1977), pp. 75, 
Problem 3121) 


60. From the relations between the zeros and the coefficients we obtain 


ona. = 2n and Iz. . zun = 1. 


Hence 
2n 1 
y — =2n, 
kci 2% 
so we have the equality case in the AM-GM inequality. Therefore zı = 22 = ::: = Zan. 


Since 2122... zu = 1 and 


we have zı = 73 =- = Zm = 1. 
(Titu Andreescu, Revista Matematică Timisoara (RMT), No. 2(1977), рр. 52, 
Problem 2299) 


Chapter 2 
NUMBER THEORY 


PROBLEMS 


1. How many 7-digit numbers that do not start nor end with 1 are there? 


2. How many integers are among the numbers 
1-т 2-m p.m 


7 , 7 Бы” 


where p, m,n are given positive integers? 


3. Let р > 2 be a prime number and let n be a positive integer. Prove that p 
divides 1?" + 27" +---+(p—1)?”. 


4. Prove that for any integer n the number 
pe +55" ra 1 
is not prime. 
5. Let n be an odd integer greater than or equal to 5. Prove that 
nV fn Tí 8-1 fn 
() 6) v ο’ 7 () 
is not a prime number. 


6. Prove that 
* +45 
is a product of two integers, each of which is larger than 102002. 


T. Find all positive integers n such that VIII] divides 111. 


8. Prove that for any distinct positive integers a and b the number 2a(a? + 3b’) 
is not a perfect cube. 


9. Let p be a prime greater than 5. Prove that p — 4 cannot be the fourth power 
of an integer. 


10. Find all pairs (z, y) of nonnegative integers such that x? -- 3y and у? + 3z are 
simultaneously perfect squares. 
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11. Prove that for any positive integer n the number 


(17 + 12/2) * (17 - 12/2) " 
4/2 
is an integer but not a perfect square. 


12. Let (и„)һ>1 be the Fibonacci sequence: 
Un¢2 =Ungi ttn, Ш =w = 1. 


Prove that for all integers n > 6 between un and u441 there is a perfect square. 
13. Prove that for all positive integers n the number n!+5 is not a perfect square. 
14. Prove that if n is a perfect cube then n? + 3n + 3 cannot be a perfect cube. 


15. Let p be a prime. Prove that a product of 2p+ 1 positive consecutive numbers 
cannot be the 2p + 1-power of an integer. 


1 
16. Let p be a prime and let а be a positive real number such that pa? < 7 
Prove that 


a a 
[pve - 2] = [pve+ $] 
for all integers n > [т=ш= +1. 
17. Let п be an odd positive integer. Prove that the set 
n\ [п n 
1 , 2 qs ^ 


contains an odd number of odd numbers. 


18. Find all positive integers m and n such that (2) — 1984. 


19. Solve in nonnegative integers the equation 
z?--8y + бту — 31 – бу = 3 


20. Solve in integers the equation 


(x? + 1)(y? + 1)  2(z — y)(1 — zy) = 4(1 + zy) 


21. Let p and q be prime numbers. Find all positive integers т and y such that 
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22. Prove that the equation 
12 7 =u, 
has infinitely many solutions in positive integers such that и and v are both primes. 
23. Find all triples (z, y, z) of integers such that 
z?^(y — z) + y" (z — z) + 22(2 — y) = 2. 


24. Solve in nonnegative integers the equation 
т+у+2+ туг = ту+у2 +21 2 


25. Solve in integers the equation 
zy(z? + y^) = 224. 


26. Prove that for all positive integers n the equation 
z? +y? +27 = 59" 
has integral solutions. 


27. Let n be a positive integer. Prove that the equations 
* + у" +z” +u” =v"! 
ала 
т" +y" +z” +u” = 
have infinitely many solutions in distinct positive integers. 
28. Let n be a positive integer. Solve in rational numbers the equation 


т" + у" = 2") + cr 


29. Find all nonnegative integers z and y such that 
z(z + 2)(z +8) = 3". 


30. Solve in nonnegative integers the equation 
(1+2!)(1+y!) = (z +y)!. 


31. Solve the equation 
z! 4 y! 4 2! — 2". 
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32. Find all distinct positive integers æ1, 12, . u such that 


1+ 2, + 21421 (n — I)zIæ2 . -I = 2173 ... u. 


33. Prove that for all positive integers n and all integers a1, a2,..., an, bi, bz, ., 
b, the number 


n 
[I (ai - bi) 
k=1 
can be written as a difference of two squares. 


34. Find all integers z, y, z, v, t such that 


т+у+2+0 += туб + (т + y)(v-t) 
zy T2 ＋ vt = zy(v + t) + vt(z + у). 


35. Prove that for all nonnegative integers a, b, c, d such that a and b are relatively 
prime, the system 


ат - у2- с= 0 
bz- yt d= 
has at least a solution in nonnegative integers. 


36. Let p be a prime and let 21, 225 . y be nonnegative integers. 
Prove that if 

zı T2 25 O (mod р) 

zi O (mod p) 


zi +r} 0+5 +27120 (mod p) 
then there are k,l € {1,2,...,p}, k #1, such that 2, — 2; = 0 (mod p). 


37. Prove that for any odd integers n, aj, az, . an, the greatest com- 
mon divisor of numbers ar, az, ., an is equal to the greatest common divisor of 
а Taz a + аз Qn + а) 

2 , ENS m. — 7 a 

38. Let y(n) be the number of numbers less than n and relatively prime with n. 

Prove that there are infinitely many positive integers n such that 


y(n) = 3 


39. Let m(x) the number of primes less than or equal to т. Prove that 
n 
mn) < 3 +2 


for all positive integers n. 
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40. Let рь denote the k-th prime number. Prove that 
pP N + pm > пт! 
for all positive integers m and n. 


41. Let n be a positive integer. Find the sum of all positive integers less than 2n 
and relatively prime with n. 


42. Prove that any number between 1 and n! can be written as a sum of at most 
n distinct divisors of n!. 


43. Find the largest value of n such that the complementary set of any subset 
with n elements of {1,2,...,1984} contains at least two elements that are relatively 
prime. 


44. Find all positive integers n such that for all odd integers a, if a? < n then 
a|n. 


45. Consider the sequences (un) ngi, (un) ni defined by ш = 3, vi = 2 and 
Un+1 = Zun + tn, Un+1 = 2u5 + 390,4, n 2 1. Define Zn — Un + Un; Un = Un + 20, 
n > 1. Prove that yn = [zn V2] for all n > 1. 


46. Define zn = 2 +1 for all positive integers. Prove that 
(1) £n = 2)2%9...2,-1 + 2, NEN 

(ii) (zy, 21) =1, k, EN, k zl 

(iii) £n ends in 7 for all n > 3. 


47. Define the sequence (@y)y>1 by а = 1 and 


ani = 2an + /За2 — 2 


for all integers n > 1. Prove that a, is an integer for all n. 


48. Define the sequences (an)n>o and (bn) ngo; by ao = 1, 


= 2an-1 = 1 
ME 1+ 202, 8 1— 2a, , 
for all positive integers n. Prove that all terms of the sequence (an) ngo are irreducible 
fractions and all terms of the sequence (bn) ngo are squares. 
49. Define the sequences (æn) ngo and (yn) ngo by zo = 3, yo = 2, 
Tn = 32-1 +4ул-1' and уһ = 223-1 + Зул-1 


for all positive integers n. Prove that the sequence (zn) ngo, where zn = 1 + 4222, 
contains no prime numbers. 
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50. Let р be a positive integer and let z; be a positive real number. Define the 


sequence (25)n»1 by 
En41 = /р?+1т„+р\у/т? +1 
for all positive integers n. Prove that among the first m terms of the sequence there 


are at least [s] irrational numbers. 


51. Define the sequence (z5)n»o by 
1) £n = 0 if and only if n = 0 and 

= т? —]) ny? >0. 
2) =„+1 Tings) + ( 1) gi] Юг all n 2 0 
Find z, in closed form. 


52. Define the sequence (an) ngo by ao = 0, a; = 1, ag = 2, ag = 6 and 
Qn44 = 2ü543 + Gn42 —24n41—-Gn, n2 0. 
Prove that n divides a, for all n > 0. 
53. Let 21 = тз = T3 = 1 and z&43 = Zn + Zn412542 for all positive integers n. 


Prove that for any positive integer m there is an integer k > 0 such that m divides 
ть. 


54. Let (an) ngo be the sequence defined by ag = 0, а = 1 and 


Qn4-1 — — = (-1)" 
for all integers n > 0. Prove that an is a perfect square for all n > 0. 


55. Let a; = ag = 97 and 


ani = Anan- + 4/ (a3 — 1)(a_,-1), п>1. 
Prove that 


a) 2+ 2a, is a perfect square. 
b) 2+ 4/2 + 2a, is a perfect square. 


56. Let k > 2 be an integer. Find in closed form for the general term a,, of the 
sequence defined by ag = 0 and an - ар) = 1 for all n > 0. 


57. Let ay = а = 3 and а} = Tan — аһ] for n > 1. Prove that a, — 2 is а 
perfect square for all n > 1. 


58. Let a and 8 be nonnegative integers such that a? + 48 is not a perfect square. 
Define the sequence (z5)n»o by 


2п42 = OZp41 + Bp 
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for all integers n > O, where zı and æ are positive integers. 
Prove that there is no positive integer no such that 


r = Tno-1T no! . 


59. Let п > 1 be an integer. Prove that there is no irrational number а such that 
V а + Va? — 1+ Va- Va? — 1 is rational. 
60. Prove that for different choices of signs + and — the expression 
$1424+34---+(4n+1), 
yields all odd positive integers less than or equal to (2n + 1)(4n + 1). 


SOLUTIONS 


1. The problem is equivalent to finding the number of functions 
f : (1, 2, 3, 4, 5,6, 7} — (0,1,2,...,9) 
such that 
К) #0, f()71and 7 #1. 

Because F (1) € {2,3,...,9}, there are 8 possibilities to define f (1). For F (7) there 
are 9 possibilities and for f (2), f(3), f(4), / (5), f(6) there are 10. 

To conclude, there are 8 - 9 · 105 = 72- 10° numbers with the desired property. 

(Dorin Andrica, Gazeta Matematică (GM-B), No. 11(1979), pp. 421, Problem 
17999) 


2. Let d be the greatest common divisor of m and n. Hence m mid and n = nid 
for some integers mi and пу. 


The numbers are 
1:mi 2-m P mi 


11 " "i 1.. 11 


and, since mi, ni are relatively prime, there are H integers among them. Because 


1 
n n : gcd(m, n)p 
2" sinu it follows that there are VECES integers. 


(Dorin Andrica, Gazeta Matematicá (GM-B), No. 11(1979), pp. 429, Problem 
0:89) 


ъ= 


3. Define k = р” and note that К is odd. Then 
Ф + (p- d = plat - d**(p- d) . - d- 
Summing up the equalities from d = 1 to d = [5] implies that p divides 1* + 
25... + (p — 1)*, as claimed. 
(Dorin Andrica, Revista Matematică Timişoara (RMT), No. 1-2(1979), pp. 49, 
Problem 3813) 


4. Define m — 55". Then 


559" L9 41 = m m-12 (m - m + 1)(m* — m? + 1) 


57 
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and, since both factors are greater than 1, the conclusion follows. 
(Titu Andreescu, Korean Mathematics Competition, 2001) 


5. Let N = (1 -s(2) +5*(3) M dis („) Then 


5N = 1-1+5(7) — (7 90) 0 =1+(-1+5)". 


Hence А 1 ў 
N=-(@"+1)=; |a +1? - (272^) | = 


= 1 [on _ 952 ny 2 — 
=;[2 2*P +1] me 2? +1] = 
e 1 E = е n=l MO 1 n=l 
-sle 1) +2 (e +1) +271). 

Because n is greater than or equal to 5, both factors of the numerator are greater 
than 5. One of them is divisible by 5, call it 5Ni, Ni > 1, the other being №. Then 
N = №№, where № and Na are both integers greater than 1, and we are done. 

(Titu Andreescu, Korean Mathematics Competition, 2001) 

6. The given number is of the form m* + 2s where m = 3** and 

п= 460 2. 

The conclusion follows from the identity 


4 1 Lx 
m. + T = тё +m?n? + qn — т?л? = (m + 5”) -m?n? = 


= (m +mn+ j") 6 mn ;") 
and the inequalities 
m? — mn + Sn? >n (5n-m) 2.9228 (2^7 -3“) > 
> 28 ja x gen) > 222 2512 сз = 1) > 


> 210-8582 2512 „ 910-5* , 910-50 .„ 493-5" . 19350 „ 102002 
(Titu Andreescu, Korean Mathematics Competition, 2002) 


7. The positive divisors of 111 are 1, 3, 37, 111. So we have the following cases: 
1) [VITI] = 1 or 1 € 111 < 2", hence n > 7. 

2) [VII] = 3, or 3” < 111 < 4^, воп = 4. 

3) [VIII = 37, or 37" < 111 < 38", impossible. 

4) [VITI] = 111, or 111" < 111 < 112^, and son — 1. 
Therefore n = 1, n 2 4orn » 7. 
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(Titu Andreescu) 


8. Note that 
2a(a? + 35?) = (a + b)? + (a - b)? 
The Fermat equation for n = 3 
25 +y? = 23 

has no solution in positive integers (see T. Andreescu, D. Andrica, "An Introduction 
to Diophantine Equations", GIL Publishing House, 2002, pp. 87-93). 

Hence there is no integer c such that 

(а + b ＋ (a- Б)° = c? 


ifa> b. 
On the other hand, if b > a then there is no integer c such that 


(b — а) ＋ = (a+b). 


This concludes the proof. 
(Titu Andreescu, Revista Matematicá Timigoara (RMT), No. 1(1974), pp. 24, 
Problem 1911) 


9. Assume that p — 4 = qf for some positive integer q. Then p = qf +4 and q > 1. 
We obtain 
p= (4 — 2g  2)(g^ + 24+ 2), 
a product of two integers greater than 1, contradicting the fact that p is a prime. 
(Titu Andreescu, Math Path Qualifying Quiz, 2003) 


10. The inequalities 
T? + 3y>(x+2)?, у 7 32 2 (у+ 2)? 


cannot hold simultaneously because summing them up yields 0 > z + y + 8, which is 
false. Hence at least one of z? + 3y < (x + 2)? or у? + 3z < (y + 2)? is true. Without 
loss of generality assume that z? + 3y < (z + 2)?. 

From 22 < 22 + 3y < (x + 2)? we derive z? + Зу = (z + 1), hence Зу = 2z + 1. 
Then т = 3k +1 and y = 2k +1 for some integer k > 0 and so y? +32 = 4k? + 13k +4. 
If k > 5, then 

(2k +3)? < Ak? +13k +4 < (2k + 4)? 


so у? + 3z cannot be a square. It is easy to check that for k € (0,1,2,3,4), y? + 3z 
is not a square but for k — 0, y? -- 3z — 4 — 2?. Therefore the only solution is 
(z,y) = (1, 1). 

(Titu Andreescu) 


60 2. NUMBER THEORY 
11. Note that 17 +1272 = (¥2+1)* and 17 — 12/2 = (V2 — 1)°, so 


(17 + 12/2)" – (17-12VJ" (-- (v2-1)" _ 
IDE з = 4/2 Е 


(Маж) -N. . - (V2-1^ 
D 2 2/2 
Define 
(NY) + (v3-1)" Erh) - (y3- 1)" 
Using the binomial expansion formula we obtain positive integers z and y such 
that 
(Và -1)" 22v, (A-) 22-98 
Then 
2n 2n 2n s 2n 
„ uud yey ee 
and so AB is as integer, as claimed. 
Observe that 


A? — 2B? = (A+ V2B)(A — V2B) = (V2 + 1?^(/2- 1)?" =1 


so A and B are relatively prime. It is sufficient to prove that at least one of them is 
not a perfect square. 
We have 


V2+1)"+(v3-1)"" [(AT) + (V2 1^] 
a owe ыы ыш EE (1) 


and 


2n 2n n n1? 
A= V3 (2-1) - |+ к=) + 0 


Since only one of the numbers 
GD G-. UN - (Vi-1)" 
v2 : v2 


is an integer – depending on the parity of n- from the relations (1) and (2) we derive 
that A is not a square. This completes the proof. 

(Dorin Andrica, Revista Matematică Timigoara (RMT), No. 1(1981), pp. 48, 
Problem 4285) 


12. The claim is true for n = 6 and n = 7, because ug = 8 < 9 < ит = 13 < 16 < 
ug — 21. 
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If n > 8, then 
Un41 — Un Un-1 
— = Å —— > > 
R 
Un-1 1 
> —_ = — 1»51 
N aT 
and so between tin and uni there is a perfect square. 
(Dorin Andrica) 


13. If n = 1,2,3 or 4 then n! + 5 = 6, 7, 11 or 29, so it is not a square. If n > 5, 
then л! + 5 = 5(5k + 1) for some integer Ё and therefore is not a perfect square, as 
desired. 

(Dorin Andrica, Gazeta Matematicá (GM-B), No. 8(1977), pp. 321, Problem 
16781; Revista Matematică Timişoara (RMT), No. 1(1978), pp. 61, Problem 3254) 


14. Suppose by way of contradiction that n? --3n--3 is a cube. Hence n(n?+3n+3) 
is a cube. Note that 


n(n? + 3n + 3) = n? + 3n? + 3n = (n + 1? - 1 


and since (n + 1)? — 1 is not a cube, we obtain a contradiction. 
(Dorin Andrica, Gazeta Matematicá (GM-B), No. 8(1977), pp. 312, Problem 
E5965; Revista Matematică Timisoara (RMT), No. 1-2(1979), pp. 28, Problem 3253) 


15. Consider the product of 2p -- 1 consecutive numbers 
P(n) = (n + 1)(n + 2)... (n + 2p * 1) 
Observe that P(n) > (n + 1) 7. On the other hand, 
T 2р+1 
P(n) < [eee W АШ 


2р+1 
from the AM-GM inequality. 
If P(n) = m??*! , then m € {п + 2,...,n +p}. Assume by way of contradiction 
that there is k € {2,3,...,p} such that P(n) = (n + k)?»*!. Then 


(n + 1)(n + 2)... (n - k 2 1)(n + k T 1)... (n ＋ 25 ＋ 1) = (n + k)”. (1) 


We have two cases: 

I. x p 

1) If n = 0 (mod p), then (п + k)? is divisible by p??. The left-hand side of the 
equality (1) is clearly not divisible by p, hence we reach a contradiction. 

2) If n =r (mod p), т Æ 0, then the left-hand side of the equality (1) is divisible 
by p?, because of the factors n -- p — r and n + 2p — r, while the right-hand side is 
not, since (n + k)?? = r??. This is a contradiction. 

IL k € (2,3,...,p- 1) 


= (п+р+ 1)?Р+! 
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1) If n = —k (mod p), then the right-hand side of (1) is divisible by p°”, but the 
left-hand side is not. 

2) If n = —q (mod p), q # k and q € (0,1,...,p — 1), then the left-hand side of 
(1) is divisible by p. On the other hand 


(n + К)?Р = (q - К)? (mod p) #0 (mod p), 


because 0 < |g — k| < р. 
Both cases end up in contradictions, so the problem is solved. 
(Dorin Andrica) 


16. It suffices to prove os there are no integers in the interval 


(- , +2] for n > == +1. 
Assume by way of contradiction that there is integer k such that 


a a 
— — < —. 
np = C 59+ = 


Непсе 
icm * < п? а? 
ър+ == – 20р < Spt == + 20р. 


а? а а? 
Observe that ni — 2a,/p 1. Ifn> [лт +1, then ai + 20 < 1 
so 
nip-1«k?«n'p41 
It follows that k? = pn? or 5 = =, which is false, since р is prime. 
(Dorin Andrica, Gazeta Matematicá (GM-B), No. 8(1977), pp. 324, Problem 
16804) 


17. For n = 1 the claim is clear, so let n > 3. 


nn ch 


= 0-O Ce 


or Sp = 21 — 1. Because S, is odd it follows that the sum S, contains an odd 
number of odd terms, as desired. 

(Titu Andreescu, Revista Matematică Timigoara (RMT), No. 2(1984), pp. 71, 
Problem 5346) 


18. Because M d ) we can assume that m « [7]. 
m-n 2 
Ifn = 0, then 1 = 19 false. 


370 
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E n =2, then I _ 1984, with no integral solutions. 
If n > 3, then (2) > (= ‚ во 1984 > тп 009-29 Hence 11904 > 


m? — 3m? + 2m ог (m- 30)(m? + 27m +812) < —12456 < 0, and so m < 30. This 
implies that vi # 1984, because mm -1. A mi uhr does not contain the 
factor 31 of 1984. 

To conclude, the solutions are m = 1984, n = 1 and m = 1984, n = 1983. 

(Titu Andreescu, Revista Matematicá Timigoara (RMT), No. 1(1985), pp. 80, 
Problem 5) 


19. The equation is equivalent to 
(z + 2y)(z + 4y) — 3( + 2y) = 3, 


or 
(х + 2y)(z + 4y — 3) = 3. 


We have 

е 1 + 2у = 3 " : 2) 
1 У) = |2, 2 

©] LT, "ith solution (е, ( 2 


(ii) | indi p with solution (z,y) — Є 2). 


Note that there аге по solutions in integers, as claimed. 
(Titu Andreescu, Revista Matematicá Timigoara (RMT), No. 1(1971), pp. 20, 
Problem 312) 


20. The equation is equivalent to 
xy? – 2zy + 1+ 27 +y’ – 22у + 2(z — y)(1 - ту) = 4, 
or 
(zy — 1)? + (z — y)? + 2(z - y)(1 - zy) = 4. 

Hence (1 — zy + т — y)? = 4 and, consequently, |(1 + z)(1 — y)| = 2. 

We have two cases: 

L (1+ z)(1 — y) = 2. Then 

a)1l+2=2,1-y=1,so¢z=1, y=0. 

b) 1 +x = —2, 1 — y = -1, s0 = 3, y —2. 

c) 172 1, 1-5 22, so = 0, y=-1. 

d) 1 +z 1, 1 — y = 2, so T = —2, y = 3. 

П. (1+2)(1 — y) = -2. Then 
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a) 1+2=2,1-y=-1,sorz=1, у= 2. 

b) 1 +z = 2, 1 — y = 1, зо т = —3, y=0. 

c) 1+2=1,1-y=-2,s0z2=0, y = 3. 

d) 1 +z 1, 1 — y = 2, so = —2, y=-1. 

(Titu Andreescu, Revista Matematică Timişoara (RMT), No. 4-5(1972), pp. 43, 
Problem 1383) 


21. The equation is equivalent to 
(z — pa) (y — ра) = рд. 


We have the cases: 

1) z — pq = 1, y — pq = N, во x = 1 + pq, y = рд(1 + рд). 

2) z - pq = p, у – pq = рр, so т = р(1 +q), у = pa(l +4). 

3) z — pq = q, у— ра = p°q, so z = q(1 + p), у = pa(1 + p). 

4) z — p4 = p°, y — рд = , 80 = = р(р+ 4), y = 9(р . 

5) z — pq = pq, y — pq = pq, зо = = 2pq, у = 2pq. 

The equation is symmetric, во we have also: 

6) z = рд(1 + рд), y = 1 + pq- 

Т) = = pa(1 +q), y = р(1 +). 

8) z = pq(1 + p), y = a(1 + p). 

9) z =q(1 +4), y — »(p +). 

(Titu Andreescu, Revista Matematicá Timigoara (RMT), No. 2(1978), pp. 45, 
Problem 3486) 


22. Define the sequences (Tn)n>1 and (yn)n21 by ту = 2, yi = 1, 
+ 7225 T un and улы = Tn + 2yn 
for all n > 1. 
By induction we obtain that 
3"2z2-343, n21 


Denote by p, the k-th prime number. Then z = т, у = yp, Ч = 3, V = py isa 
solution of equation x? — y? = u” for any integer k > 0. 
Alternative solution. Let p and q be two arbitrary primes, p > 3. Then p? = 2k+1, 


for some positive integer k. Because 2k--1 = (k-- 1)? — k?, it follows that all quadruples 
(z,y,u,v) = ( ae р, a) satisfy the equation. 


(Dorin Andrica) 
23. The equation is equivalent to 


(= — y)(z – 2)(у - 2) = 
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Observe that (x — у) + (y — z) = т — z. On the other hand, 2 can be written as a 
product of three distinct integers in the following ways 

i) 2=(-1)-(-1)-2, 

ii) 2=1-1-2, 

iii) 2 = (-1)-1-(-2). 

Since in the first case any two factors do not add up to the third, we only have 
three possibilities: 


z-y=1 

a) z—z-—2 so(z,y,z) = (k ＋ 1, K, k — 1) for some integer К; 
y-z=1 
r—-y--2 

b) < z—-z-—-1 so(z,y,z) = (k 1, k + 1, К) for some integer k; 
y-z=1 
z-y=1 

c) z—z-—-1 во (x,y,z) = (k, k — 1, k +1) for some integer k. 
y-z=-2. 


(Titu Andreescu, Revista Matematică Timigoara (RMT), No. 1-2(1989), pp. 97, 
Problem 2) 


24. We have 
туг – (Ty +yz + zz)+z+y+z-1=1, 
and, consequently, 
(z 1)(у — 1)(z- 1)=1. 
Because z, y, z are integers, we obtain 
2-1=у-1=2-1=1, 


ют= у= 2 = 2. 
(Titu Andreescu, Revista Matematică Timişoara (RMT), No. 3(1971), pp. 26, 
Problem 487) 


25. Multiplying by 8 yields 
&zy(z? + y?) = 1624 


(z + y)* - (z - у)* = (22)*, 
and so 
(z —y)* + (22)* = (z + у). 
This is Fermat's equation for the case n = 4 and it is known that this equation has 
Solutions only if z — y — 0 or 2z — 0 (see T. Andreescu, D. Andrica, " An Introduction 
to Diophantine Equations", GIL Publishing House, 2002, pp. 85-87). 


66 2. NUMBER THEORY 


Case I. If z — y = 0, then z = y and z = +z. The solutions are 
z=y=m, z=+m 


for any integer m. 
Case II. If z = 0, then (z — y)* = (x + y)* and so т = 0 or у = 0. The solutions 
are 
£z0, y=m, zz 
and 
S m, y=0, s-0 


for any integer m. 
(Titu Andreescu, Revista Matematicá Timigoara (RMT), No. 1(1978), Problem 
2813; Gazeta Matematică (GM-B), No. 11(1981), pp. 424, Problem O:264) 


26. Consider the sequences (z&)n»1; (yn)n»1; (Zn)n>1, defined by 
Zna = 50223, 2i =1, ж=14 
Yn+2 = 59%, у = 3, y = 39 


in42 = 59223, 21 = 7, 2а = 42 


for all n > 1. 

It is easy to check that 22 + y2 + 22 = 59", for all integers n > 1. 

(Dorin Andrica, Romanian Mathematical Olympiad - second round, 1979, Revista 
Matematicá Timigoara (RMT), No. 1-2(1980), pp. 58, Problem 4075) 


27. Observe that the equation 
g^ +y" = nn (1) 
has infinitely many solutions in distinct nonnegative integers, for example 
Te = (1--M)'*, m = k(1 ET, ze = (14+ Ку", 


for any integer k > 0. 
Let (т, > Ym» Zi) and (212, V, 252 de two solutions of equation (1) with ky + ka. 
Then 
+, = 20-1, . 1 M. = 2 


and multiplying yields 


(ть, Tk, )" T (жь, Уһ)" + (уь, ть, 8 T (уь, Уһ)" = (zm њу 


This means that 


(T, y, 2, u, v) = (2 T, Tie, Yas Mi Tha s Yk Ykas Zki Zka) 
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is a solution to the equation 
z” +y" +z" + ы" =? 
Since kı Æ Кә are arbitrary positive integers, the conclusion follows. 
For the second equation, the proof is similar, based on the fact that the equation 
z” +y" = 2"! (2) 
has infinitely many solutions in distinct nonnegative integers, for example 
ть=1+К", уь = К(1-+ К"), zk =1+k", 
for any integer k > 0. 
(Dorin Andrica) 
28. It is clear that z = 0, у = 0 is a solution to the equation 
т" +y” = rl +"! 
Let a X —1 be a rational number such that у = az. Hence 


z" + a" z^ = 2^7! an lgn7l, 


Ipa’ Ire 
Using the symmetry of the equation, we also have the solution 
5 
1+0" ' 1+ а" 

with a # —1 rational. 

If a = —1 and n > 1, then again z = y = 0. This concludes the solution. 

(Dorin Andrica, Revista Matematicá Timigoara (RMT), No. 2(1981), pp. 62, 
Problem 4578) 


29. Let z = 3%, z + 2 = 3", z +8 = 3* so u +v +t = у. Then 
3°-3%=2 and 3° – 3° = 8. 
It follows that 
34(3°-* – 1) 2 and 3°(3-"—-1)=8. 

Hence и = 0 and 3° 1 = 2, 3t — 1 = 8, therefore v = 1, t = 2. 

The solution is z = 1, y = 3. 

(Titu Andreescu, Revista Matematică Timişoara (RMT), No. 2(1978), рр. 47, 
Problem 2812; Gazeta Matematică (GM-B), No. 12(1980), pp. 496, Problem 18541) 


30. If х,у > 2 then 1 +z! and 1 + y! are both odd and (z + y)! is even. Hence 
the equation has no solutions. 
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Consider the case т = 1. The equation becomes 
2(1 +y!) =(1+y)! 
and it is not difficult to notice the solution y = 2. If y > 3, then 3 divides (1 +y)! but 
not 2(1 +y!) and y = 1 does not satisfy the equality. 
Hence z = 1, y = 2 or z = 2, y = 1 due to the symmetry of the equation. 
(Titu Andreescu, Revista Matematică Timigoara (RMT), No. 2(1977), pp. 60, 
Problem 3028; Gazeta Matematicá (GM-B), No. 2(1980), pp. 75, Problem O:118) 


31. Without loss of generality we may assume that z > y > z. The equation is 
equivalent to 
zl[z(z — 1)... (z - 1) - y(y ~ 1)... (2 ＋ 1) +1) 2 2". 
If z > 3, then the right-hand side is divisible by 3 but the left-hand side is not, 
so z € 2. We have two cases. 
I. 2 = 1. Then we have 
zl ＋ y! = 2" — 1, 
or 
y[z(z -1)...(y- 1) +1) 22" - 1. 
If y > 2, then the right-hand side is an even number but the left-hand side is odd, 
so y = 1. Then 
zl = 2(2—% — 1). 
If æ > 4, then 2(2"-! — 1) = 0 (mod 8), false. 
It remains to examine the cases т = 1, т = 2, and т = 3. 
If z = 1, then 1 = 2(2"'-! — 1), impossible. 
If z = 2, then 2 2021 — 1) or v! = 2, so v = 2. 
If т = 3, then 277! — 1 = 3 or v! = 3, false. 
Hence the only solution in this case is 


s=2, у=1 s=1, v=2 


II. 2 = 2. Now we have 
al+y! = 2" —2, 


yl[r(z —1)...(y+1) +1] = 22-1 — 1). 
If y > 4, the 2021 — 1) =0 (mod 8), false. 
It follows that y = 1, y = 2, огу = 3. 
If y = 1, then z! = 2" — 3. Since z > 2 implies 2°! — 3 = 0 (mod 2) false, then 
4 = 1,9 = 2, 
If y = 2, then z! = 2" — 4. We must have v > 3 so z! = 4(2"!-? — 1). 
If z > 3, then 4(2"-? — 1) = 0 (mod 8), false. 
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Hence т = 1, т = 2 or т = 3 and all those cases lead to a contradiction. 

If y = 3, then z! = 2" — 8. Then v > 3 and a! = 23(2-* — 1) > 23.7. It 
follows that z > 5 and because z = 5 does not yield a solution and z > 6 implies 
28(2"'-3 — 1) = 0 (mod 16), which is false, we do not obtain a solution here. 

In case II we have found only 


2=1, у=1, 2=2, v=2, 


which does not satisfy the condition т > y > z. 
To conclude, we have the solution - from case 1 


£z2, у=], 221, v=2 
and, due to the symmetry of the equation, we also have 
ї=1, y=2, z=1, v=2 


and 
sli у= z-2 9-24 
(Titu Andreescu, Revista Matematică Timişoara (RMT), No. 2(1981), pp. 62, 
Problem 4576) 
32. The equation is equivalent to 
14 2. n — (n — 1)zjz2...2421 — +++ 27322 21 = 1, 
or 
zi[za...24 — (n — I)æz . . 1 225 - 1) = 1. 
Hence тү = 1 and 
zo[rs ...z4 — (n — 1) 23 . . 4-1 — 323 — 2] = 2. 
Since z3 Æ 2, it follows that z3 = 2 and 
Za[m4 ... 24 — (n  1)z4 ... 241 — ++ — 47, — 3] = 3. 


Because тз Æ Z2 and 23 # 21, we obtain 23 = 3. 
Continuing with the same procedure we deduce that z, — k for all k. 
Remark. 'Turning back to the equation we find the identity 


141!-14-2!-2- --- + (п – 1)! (n - 1) = nin. 
(Titu Andreescu, Revista Matematică Timişoara (RMT), No. 3(1973), pp. 23, 
Problem 1509) 
33. We proceed by induction on n. For n = 1 the claim is true. Using the identity 
(22 – y?)(u? — v?) = (zu + уо)? — (zv + yu)? 
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and the fact that the claim holds for n we deduce that the property is valid for n +1, 
as desired. 

Alternative solution. We have 

n n n 
P, = II (ak -i) = IIa. - br) II (u + be) = 
k=1 * 21 k=1 
= (An — В„)(А„ + Bn), 

where An, Bn are integers. 

Hence 

P, = А? – BÀ, 

as claimed. 

(Dorin Andrica, Revista Matematicá Timigoara (RMT), No. 2(1975), pp. 45, 
Problem 2239; Gazeta Matematică (GM-B), No. 7(1975), pp. 268, Problem 15212) 


34. Subtracting the equalities yields 
(z +y — ту) + (v +y ut) = (z--y-zy)(v-t- vt), 


or 
[(z +y- ту) - (v t- vt) - 171, 


1 -2z)1 -y)- v) - t) — 1. (1) 
It follows that 
- AI = -A = [1-0] = [1-4 = 1, 
and using (1) we obtain 
(2, y, 2, t) = (0,0,0,0), (0,0, 2, 2), (0,2,0,2), 
(0,2, 2,0), (2,0,0,2), (2,0,2,0), (2,2,0,0) and (2,2,2,2). 
Turning back to the system we obtain 
(z,y,z, v, t) = (0,0,0,0,0), (0,0, —4,2,2), (0, 2,0,0, 2), 
(0,2,0,2,0), (2,0,0,0, 2), (2,0,0,2,0), (2,2, —4,0,0) and (2, 2, 24, 2, 2) 

{Titu Andreescu, Revista Matematică Timişoara (RMT), No. 2(1978), pp. 46, 

Problem 3431; Gazeta Matematică (GM-B), No. 5(1981), pp. 216, Problem 18740) 


35. We start with a useful lemma. 
Lemma. Jf а and b are relatively prime positive integers, then there are positive 
integers u and v such that 
au — bv — 1. 
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Proof. Consider the numbers 
1.2, 2.0,...,(6— 1) · a (1) 


When divided by b the remainders of these numbers are distinct. Indeed, otherwise 
we have kı Æ kz € 1, 2, ., b — 1) such that 


kia = ib r, kaa = pab r 
for some integers pi, po. Hence 
(kı — з)а= (p – p2)b=0 (mod b). 


Since a and b are relatively prime it follows that |А — k2| = 0 (mod b), which is 
false because 1 < |k; — | < b. 

On the other hand, none of the numbers listed in (1) is divisible by b. Indeed, if 
so, then there is k € (1,2,...,n — 1) such that 


k -a = p- b for some integer p. 


Let d be the greatest common divisor of k and p. Hence k = kid, p = pid, for 
some integers pı, kı with gcd(pi, ki) = 1. Then Куа = рб and since gedla, b) = 1, we 
have kı = b, pı = a. This is false, because kı < b. 

It follows that one of the numbers from (1) has the remainder 1 when divided by 
b so there is u € {1,2,...,6—1} such that au = bv + 1 and the lemma is proved. 

We prove now that the system 


ar - e -= 
be —yt+d=0 
with a, b, c,d nonnegative integers and gcd(a, b) = 1 has at least a solution in nonneg- 
ative integers. 
Because gcd(a,b) = 1 using the lemma, there are positive integers и and v such 
that au — bv — 1. Hence 
r-cCu--dv, y=ad+be, z=v, t=u, 


is a solution to the system. 
(Titu Andreescu, Revista Matematicá Timigoara (RMT), No. 2(1977), pp. 60, 
Problem 3029) 


36. Consider the determinant 
1 1 ae 1 


р 
Zi z eee z 
"I eee see wee 481 
F i 
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Summing up all columns to the first one and applying the hypothesis yields A = 0 
р 
(mod p), hence II (z: - zj) O (mod р). 


í j=l 
zm 


Because p is a prime number, it follows that there are distinct positive integers 
k,l € (1,2,...,p) such that zy — zı = 0 (mod p). 


(Dorin Andrica) 
37. Let 
+ + + 
а = ged(a1,02,...,@,) and b= god (MH, атаа эта) 


Then a, = аьа, for some integers ar, k = 1,2,...,n. It follows that 
аһ + 0641 OR + Apri 


GARE GAR (0 
where ау = a; and алу = a. Since a, are odd numbers, a, аге also odd, so 
a + Ol 
E ck integers. 

From relation (1) it follows that a divides Gk акн gor all so a divides b. 
On the other hand, mre, Brb, for some integers 85. Then 


2 
аһ +4441 =0 (mod 2b) 


for all k € {1,2,...,n}. Summing up from k = 1 to k = n yields 
2(a; +a2+::-+an)=0 (mod 2b) 
Since n, ai, az, , an are all odd a; + a2 +++: + an #0 (mod 2), hence 
а T T ＋ an = O (mod b). (3) 
Summing up for k = 1,3,...,n — 2 implies 
Qi +a +°**+@n-1 =0 (mod 2b) 


and furthermore 
а Ta T + аһ] = 0 (mod b). (4) 
Subtracting (4) from (3) implies a, = 0 (mod b), then using relation (2) we obtain 
a, = 0 (mod b) for all k. Hence bla and the proof is complete. 
(Titu Andreescu, Revista Matematică Timisoara (RMT), No. 1(1978), pp. 47, 
Problem 2814) 


38. It is known that 
p(kl) = p(k)p(t) 
for any relatively prime positive integers k and I. 
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On the other hand, it is easy to see that if p is a prime number, then 
Фр) =p -p 
for all positive integers 1. 
Let n = 2- 3", where m is a positive integer. Then 
y(n) = (2-3) = ((2)0(3") = 3^ - 3n = 2-3"! = 
for infinitely many values of n, as desired. 


(Dorin Andrica, Revista Matematică Timişoara (RMT), No. 1(1978), pp. 61, 
Problem 3255) 


wis 


39. For п = 1 to п = 6 it is easy to check the claim. For n > 7 note that the 
number of even positive integers less than n is 2 Moreover, the number of positive 


multiples of 3 less than n which are odd is [s] a [s]- Then 


nin) <п- [5] - (81-18), ">т. 
Since z — 1 < [z] < z, it follows that 
n(n) <п- (5-1) - (2-1) +5 =5+2 
as desired. 


(Dorin Andrica, Revista Matematicá Timigoara (RMT), No. 1(1978), pp. 61, 
Problem 3256) 


40. Summing the inequalities py4; h > 2 from k = 1 to k = n — 1 yields 
Pn - 2 > 2(n - 1) andsop, >2n—1, n2l. 


Then 
Nn p > 20 nmn, 
The inequality 
ay T af. . ag. (= een) 
n a n 


holds for any positive real numbers а1,аз,...,а„. Hence 
"^ m 2 Lis 
ppm pm ( >n ($) = nmt, 
as desired. 
(Dorin Andrica, Revista Matematică Timişoara (RMT), No. 2(1978), pp. 45, 
Problem 3483) 


41. Let 5 = 2: d and let y(n) be the number of numbers less than n and 
dzin 
ged(d,n)-1 


relatively prime with n. 
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Note that 
ged(n,d)=1 €» ged(n,n d) 21 © ged(n,n+d)=1 (1) 


Let di, da, . ., de(n) be the numbers less than n and relatively prime with n. From 
(1) we deduce that 


dı de) —n 
da + дп) = п 
den) +d =n 
hence 
Y. dz no(n) 
d<a 2 
ged(d,n)=1 
On the other hand, 
у, d= У (n44d-2ne(m Y, d= 
n«d«c2n dcn den 
ged(d,n)-1 ged(d,n)m1 ged(d,n)-1 
n 3ny(n 
= ng(n) + MAL = el ) 
Therefore 


g 09) , Эми) рада), 


(Dorin Andrica, Revista Matematică Timişoara (RMT), No. 2(1981), pp. 61, 
Problem 4574) 


42. We proceed by induction. For n = 3 the claim is true. Assume that the 
hypothesis holds for n — 1. Let 1 < k < n! and let К, д be the quotient and the 


remainder when k is divided by n. Hence k = Уп +q, 0 < q < n and 0 < K < Ë < 


m 91 

From the inductive hypothesis, there are integers di < dj < 4 d, з < 
n — 1, such that dj|(n — 1)!, i = 1,2,...,8 and k = dj + d; +--+ +d). Hence 
k = nd; + nd} +---+nd, +q. If q = 0, then k = di + da ++- + d,, where d; = пў, 
i — 1,2,...,8, are distinct divisors of n!. 

If q * O, then k = d; dz +--- + d 41, where dj = ndi, i1,2,...,58, and 4,1 = 9. 
It is clear that dj|n!, i = 1,2,...,8 and d,41|n!, since q < n. On the other hand, 
d. i < dı < da S dy, because d. ii = q < n € ndi = di. Therefore k can be 
written as a sum of at most n distinct divisors of n!, as claimed. 

(Titu Andreescu, Revista Matematicá Timigoara (RMT), No. 2(1983), pp. 88, 
Problem C4:10) 


2.2. SOLUTIONS 75 


43. If n > 992, take the set with all 992 odd numbers from (1,2,...,1984). 
Its complementary set has only even numbers, any two of them not being relatively 
prime. Hence n < 991. Let c be the complementary set of a subset with 991 elements 
of the set {1,2,...,1984}. Define D = {c+ 1| c € C). If CN D = 0, then CU D has 
2-993 = 1986 elements but C U D C (1,2,...,1985), which is false. 

Hence С N D # 0), so there is an element a € C N D. It follows that a € C and 
a+1€C and since a and а + 1 are relatively prime we are done. 

(Titu Andreescu, Revista Matematicá Timigoara (RMT), No. 1(1984), pp. 102, 
Problem C4:7) 


44. Let а be the greatest odd integer such that а? < n, hence n < (a + 2)". 
If a 2 7, then a — 4,a — 2,a are odd integers which divide n. Note that any two 
of these numbers are relatively prime, so (a — 4)(a — 2)a divides n. It follows that 
(a — 4)(a - 2)а < (a + 2)? so а? — ба? + 8a < a? + 4a + 4. Then a? — Та? --4a - 4 € 0 
or a?(a — 7) + 4(a — 1) < 0. This is false, because a > 7, hence a = 1,3 or 5. 

If a = 1, then 1? «n < 3?, sone (1,2,...,8). 

If a = 3, then 3? < n < 5? and 1 - Zn, so n € (9,12, 15, 18, 21, 24}. 

If a = 5, then 5? € n < 7? and 1-3-5|n so n € (30,45). Therefore n € 
(2,3, 4,5, 6, 7, 8,9, 12, 15, 18, 21, 24, 30,35). 

(Dorin Andrica and Adrian P. Ghioca, Romanian Winter Camp 1984; Revista 
Matematicá Timigoara (RMT), No. 1(1985), pp. 78, Problem T.21) 


45. We prove by induction that 
un – 202 =1, n21. (1) 
For п = 1 the claim is true. Assuming that the equality is true for some n, we 
have 
2 ne 2 r ES. | Pes 
Unti — 2U,,1 = (Зип + 40n)* — 2(2tn + 3un) = un — 20n —1 
hence (1) is true for all n > 1. 
We prove now that 
224 -y = 1, n21 (2) 
Indeed, 
2 2 — 1 = 2(ttn + Un)? - (tn + 2v,)? = ul = 2v2 = 1, 
as claimed. It follows that 
(znV2— yn) (z V2 v«) =1, п>]. 
Notice that z, V2 + yn > 1 so 
0 € x, V2— y, <1, п>]. 
Hence yn = [zn V], as claimed. 
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(Dorin Andrica, Gazeta Matematică (GM-B), No. 11(1979), pp. 430, Problem 
0:97) 
46. (i) We have 
z, „ 2 = (z 1? +1 K- — 22-1 +2, 
hence 
Zh — E * 1 (ть-1 - 2). (1) 
Multiplying the relations (1) from k — 2 to k — n yields 
TEn — 2 = £41... T221 (£1 — 2), 
and since т; = 3, we obtain 
En = ®\72...®л—-1 + 2 (2) 


for all n > 2. 
For a different proof use the identity 


(i) From relation (2) we obtain ged(r,,z:) = ged(æn, 2) = 
gcd(Zn,Zn—1) = 1 for all n, hence ged(z,,2;) = 1 for all distinct positive integers 
k and l. 

(iii) Since 22 = 5 and 222...2n—-1 is odd, using relation (2) it follows that £n 
end with digit 7 for all integers n > 3. 


(Dorin Andrica) 
47. We have 
(ani - 2an)? = 302 -2, п>1. 
Then 
айы + On 41a = —2 
and 


anz T da —4àni20n41 =—2, п> 1. 
Subtracting these relations yields 
2,9 — à» — 44n41(Any2 — an) = 0 
and 
(an - an) (an + аһ —40n41)=0, n>1. 
Since the sequence (an) ng i is increasing, it follows that 


Gn42=40n41—-Gn, п>1. 
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Taking into account that ai = 1, аз = 3 and inducting on n we reach the conclu- 
sion. 

(Titu Andreescu, Gazeta Matematică (GM-B), No. 11(1977), pp. 453, Problem 
16947; Revista Matematica Timişoara (RMT), No. 1(1978), pp. 51, Problem 2840) 

48. For n = 2 we have AL NN. 

== К 
Suppose that a, = zi where pn, qu are integers and ged(ps, qn) = 
n 


'Then 
2pndn 


апы = 41 +2р2' 
and it suffices to prove that ged(2pnqn,q2 + 2p) = 1. 
Assume by way of contradiction that there are integers d and ki, ka such that 


2рһдһ = kd and da + 2p? = kad. 


If d = 2, then 42 = 2k; — 2p2, зо qn is even. This is a contradiction since 
qi; . . - n are all odd. 

If d > 2 then qa = (kzqn — kipn)d so дһ. 

Since 42 + 2p? = ked it follows that dlp, which is false, because ged(ps, qn) = 1. 
This proves our claim. 

We prove that 

-2 =1, n>2. (1) 
For n = 2 we have q3 — 2р2 = 3? — 2.22 =1. 
Suppose that q2 — 2p2 = 1. Because 


Pn+l _ _2PnGn 
In- d F 2p2 


is irreducible, we obtain 


(n4i = Ф + 2p and рь = 2pada- 


CC 


ba = — 1 27 =¢ 


= a -1 
and so bn is a perfect square for all n > 2. 
(Titu Andreescu, Revista Matematică Timigoara (RMT), No. 2(1977), pp. 63, 
Problem 3083; Gazeta Matematică (GM-B), No. 1(1981), pp. 44, Problem C:88) 


78 2. NUMBER THEORY 


49. Inducting on n we obtain 
z2—2y2—1, n>1. 
Hence 
Zn = 1+ 4% = (rn — 2yn) + deny, = (22 + 2y2)? — 4122 = 
= (22 + 2y? + 2 nn) (&a + 2у2 — 2tnyn), for all n > 1. 
Since both factors are greater than 1, it follows that all numbers z, are not prime. 


(Titu Andreescu, Revista Matematicá Timigoara (RMT), No. 2(1976), pp. 54, 
Problem 2571) 


50. We have $ 
(zi - ур + Izn) = p*(z? + 1) 
or 
Tati 7 20 + Iz, Ian + (р? + 1)22 =p? (2? +1). 
Hence 


22 - 2/7» + 12n412n + p =0, 


fy = Vp? + 12,41 + py Tapi +1. 


From hypothesis we have 2,4; > £n, hence 


and 


En = Vp? + 12341 VAT +1. (1) 
But 
па = Vp lani + Py 224171 (2) 
and so 
2542 = 2 + ль — En (3) 


by summing up the relations (1) and (2). 

Because р is a positive integer, it follows that \/p* + 1 is irrational. From (3) 
we deduce that among any three consecutive terms of the sequence there is at least 
an irrational term. Hence there are at least [7] irrational terms among the first m 
terms of the sequence. 

(Titu Andreescu, Revista Matematicá Timigoara (RMT), No. 1-2(1980), pp. 68, 
Problem 4139; Gazeta Matematicá (GM-B), No. 6(1980), pp. 281, Problem C:48) 


51. Setting n = 0 and п = 1 yields æ1 = z? and 22 = z2, hence 21 = 2 = 1. 
From the given condition we obtain 


EE 259 
font = 22,1 + 22 and тол = 2211 — 22 4. 
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Subtracting these relations implies 
Fant ~ Tan = z + "n. = Z2n-1: 
hence 
zn I = Zan + Tan-, N21. (1) 
We induct on n to prove that 
Lan = Lan-1 + Zan-2, П>1. (2) 
Indeed, £2 = 2; + 20 and assume that (2) is true up to n. Then 


Z2n42 — Tan = Taya — Zn 21 + 2,2 = (жаы + Za)! — 22 a1 


+(2n41 n)“ = 2241 +, = Zant, 
as claimed (the equality (*) holds because of (1) and the induction hypothesis). 
From relations (1) and (2) it follows that 22 = 2n41 + ©, for all n > 0. Because 
то = 0 and тү = 1 the sequence (zn) ngo is the Fibonacci’s sequence, hence 


-a (5-5) 


(Titu Andreescu, Romanian Winter Camp 1984; Revista MatematicÁ Timigoara 
(RMT), No. 1(1985), pp. 73, Problem T.3) 


52. m the S erm it follows that a4 = 12, % = 25, ag = 48. We have T 
982, 5 m 3, 5S = =5 2 5 =8 во =" = F, for all n = 1,2,3,4,5,6, where 
1.7 is the Fibonacci 8 sequence. 
We prove by induction that a, = nF, for all n. Indeed assuming that ay = K 
for k < n -- 3, we have 


Ona a = 2(0- S) T G Els — 2(n ＋ F- N = 
= 2(n + 3) Fass + (п + 2), о — 2(n + 1) Fags — 2( Fata Fut) 
= 2(п + 3) Fs + 2Р2 - (n+ 2)Ёһы = 
= 2(п + 3) Fras + 22,42 — (n+ 2)(F&43 — Fn42) = 
= (п + 4)(Fais + Ёл) = (п + F, 
as desired. 


(Dorin Andrica, Revista Matematicá Timigoara (RMT), No. 1(1986), pp. 106, 
Problem C8:2) 


53. Observe that setting то = 0 the condition is safisfied for n = 0. 

We prove that there is integer k < m? such that 2 divides m. Let r: be the 
remainder of z, when divided by m for t — 0,1,...,m? -- 2. Consider the triples 
(ro, r1, 12), (ri, T2, 13). ., (ns, meg; Tm242). Since re can take m values, it follows 
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by the Pigeonhole Principle that at least two triples are equal. Let p be the smallest 
number such that triple (7р,7р+1,7р+2) is equal to another triple (r., rq41, 7942); 
p <q < т?. We claim that р = 0. 
Assume by way of contradiction that p > 1. Using the hypothesis we have 
fp+2 r- Tyre (mod т) 
and 
7212 = Tq-1 Teri (mod m). 
(ry-1; Ty; рь) = (-i, Te, 7+1), Which is a contradiction with the minimality of p. 
Hence р = O, 80 т, = ғо = 0, and therefore 2% = 0 (mod m). 
(Titu Andreescu and Dorel Mihej, Revista Matematică Timigoara (RMT), No. 
1(1986), pp. 106, Problem C8:1) 


54. Note that az = 1, аз = 4, a4 = 9, ау = 25, во ag = FA, а = Ff, аз = F2, 
аз = g, a4 = F2, as = F2, where (Е,)„>о is the Fibonacci sequence. 

We induct on n to prove that a, = Fa for all n > O. Assume that a, = F7 for all 
k <n. Hence 


ал = Fg, ал=Ё у, Gn- = Fas (1) 

From the given relation we obtain 
алы: - Зал + an- = 2(-1)" 
апа 

аһ — Заһ-1 +ал-2=2(—1)"7!, л>2. 
Summing up these equalities yields 

On+1 — 2an — 203-1 + 04-2 = 0, п>2. (2) 
Using the relations (1) and (2) we obtain 

апы = 2Fn T 2-1 —Fu-2 = (Fn + Fay + (Е, - F,-1)? x F$ s = 
= Еа + Fa - Еа. = Fags 


as desired. 
(Titu Andreescu, Revista Matematică Timisoara (RMT), No. 2(1986), pp. 108, 
Problem C8:8) 


55. The expressions a? — 1 and 2+ 2a ask for the substitution a = ; a 5) 


2 
The equality > (+) = 97 implies (0+2) = 196, hence b + ; = M. Setting 
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2 
b = c? yields (+2) = 16, thus c + 1 = 4. Let c = 2+ V3, We will prove by 


induction that 


1 f ар 1 
=- * > 
an 2 65 *ak): n>1, 
where Fh is the n*^ Fibonacci number. 
Indeed, this is true for n — 1, n — 2 and, assuming that 


implies 
1 1 1 
аһу = 4 en + ax) (urs + A + 
1 1 1 т 
rna) (t= gh) nai) 
Then Е 
2+ 2% = 24 c*P* + 3k = (^^ - a) 
and 


1 1 
24 VIF 2a, 27. ak ( . . 
Let us mention that c™ + E is an integer for all positive integers m. 
(Titu Andreescu, USA Mathematical Olympiad Shortlist, 1997) 


56. We induct on m to prove that 
if kn <n KRK, then an =1+m. (1) 


For m = 0 the claim is true, since if 1 < n < k, then Н = hence a, —1-4-a$ = 
1+0. 
Assume that (1) holds for m. Then if k™+! < n < k™+?, we have k^ < 2 < КН, 
s0 
k” < [z] « km, 
Using the inductive hypothesis, we deduce that о] = 1+m so 
ân = lta =1+(т+1) 


as claimed. 

Therefore for any positive integer n with m < log, n < m+1, we havea, = 1+m 
thus a, = 1 + [log kn]. 

(Titu Andreescu, Revista Matematică Timigoara (RMT), No. 2(1982), pp. 66, 
Problem 4997) 


57. We prove that a, — 2 = ba, where by = —1, b; = 1 and bi = 3b, — b, for 
all n > 1. This is clear for n = 0 and n — 1. 
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Assume that for any k < n we have a, — 2 = b}. Subtracting the relation a, = 
7an-1 — Gn—2 from ал+ = Tan — аһ-1 yields а = 8a; — 8041 + Gn—2 OF 


апл — 2 = 8(an — 2) — 8(an-1 — 2) + (an-2 — 2) 
Hence 
азы 2 = 8%, — Bbq у + 0 а ba — В _, + (3bn-1 — bn)? = 
= oba — Gbndn-1 + ba-1 = (3bn — b. 1)! = н 
Alternative solution. The general term of the sequence is given by 


án-2 4n—2 
es) yn 


Hence 


and an inductive argument proves that 


14 V$ 2n-1 1-45 2n-1 
2 Ыы 2 


58. Note that all terms of the sequence are positive integers. 
Assume by way of contradiction that there is a positive integer no such that 


is an integer for all n. 
(Titu Andreescu) 


eT 


Then 
Tng T1 
where ¢ is rational. 


Because ху = атп, + Hi, it follows that 


or 
t? at- B =0. 
The last equation has no rational roots since the discriminant A = a? + 48 is not 


а perfect square. This is a contradiction and hence the problem is solved. 
Alternative solution. From the condition of the problem we obtain 


QI, = - u-, m2 1. (1) 
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Assume by way of contradiction that there is a positive integer no such that 


3, = Zno—1Tno1. (2) 
From the relations (1) and (2) we deduce that 
(a? + 48)z5, = (т + Bn.-1)^ 
which is false, since o? + 48 is not a square. This completes the proof. 
(Dorin Andrica) 


59. Assume by way of contradiction that there is an irrational number a such 


that 
A= V a+vVa?-1+ a- Va? -1 
is rational. 


Define a = Va + Va? — 1 and observe that V a-Val-i- =. 
Hence A = а + 1 is rational. 


We prove that o? + E is rational. 
Indeed, 


2 
1 

2+2 (2*1) -2 
a a 


is rational and 


Using the identity 


at + x = (a + 87 (s ~ x) - ( + ze) 


it follows by induction that a* + E is rational for all positive integers k, hence 


a” + E is rational. 

Thus a + Va? — 1+ a — Va? — 1 = 2a is rational, which is false. The solution is 
complete. 

(Titu Andreescu, Romanian IMO Selection Test 1977; Revista Matematicá 
Timişoara (RMT), No. 1(1978), pp. 78, Problem 3344) 


60. We induct on n. For n = 1, from +142+3+44+5 we obtain all odd positive 
integers less than or equal to (2 -- 1)(4 -- 1) = 15: 
+1-2+3+4-5=1 
—14+2+3+4-5=3 
-1+2+3-4+5 = 5 
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-1+2-3+4+5 =7 
-1-2+3+4+5 = 9 
+1-2+3+4+5 = 11 
-1+2+3+4+5 = 13 
+1+2+3+4+5 = 15 

Assume that from 414 24& . + (An + 1) with suitable choices of signs + and – 
we obtain all odd positive integers less than or equal to (2n + 1)(4n + 1). 

Observe that — (4n +2) + (4n +3) + (4n +4) — (4n +5) = 0. Hence from +1+ 2+ 
4 (4n +5) for suitable choices of signs + and - we obtain all odd positive numbers 
less than or equal to (2n + 1)(4n + 1). 

It suffices to obtain all odd integers m such that 


(2n + 1)(4n + 1) < m < (2n + 3)(4n +5) (1) 


(2n + 3)(4n + 5) – (2n + 1)(4n+1) _ 
5 = 8n+7 


such odd integers m. 
We have 


There are 


(2n + 3)(4n + 5) = +1+2+---+(4n+5) 
(2n + 3)(4n + 5) — 2k = 4+14+2+---+(k—-—1)—k+ 
+(k+1)+---+(4n+4)+(4n+5), k = 1, 2, ., An 5 
and 
(2n + 1)(4п + 5) –- 2=+1+2+ :::+ (1-1) – 1+ 
+(1+ 1) +--+ + (4n+4) + (An + 5), 12 1,2,...,4п +1. 
Hence all numbers m from (1) are obtained, as desired. 
(Dorin Andrica, Gazeta Matematicá (GM-B), No. 2(1986), pp. 63, Problem C570) 


Chapter 3 
GEOMETRY 


PROBLEMS 


1. Triangle ABC has side lengths equal to a, b,c. Find a necessary and sufficient 
condition for the angles of the triangle such that а?, 02, с? can be the side lengths of 
a triangle. 


2. Prove that the triangle whose side lengths are equal to the length of the medians 
of a triangle ABC has area equal to 3/4 of the area of triangle [ABC]. 


3. In triangle ABC the median AM meets the internal bisector BN at P. Let Q 
be the point of intersection of lines CP and AB. Prove that triangle BNQ is isosceles. 


4. In triangle ABC the midline parallel to AB meets the altitudes from A and B 
at points D and E. The midline parallel to AC intersects the altitudes from AandC 
at points F and G. 

Prove that DC||BF||GE. 


5. Let M be a point in the interior of triangle ABC. Lines AM, BM,CM intersect 
sides BC, CA, AB at points A’, B', C", respectively. Denote by 51, 52, Ss, S4, Ss, 56 
the areas of triangles M A'B, M A'C, MB'C, M B'A, МС'А and MC"B, respectively. 

Prove that if 


then M is the centroid of the triangle ABC. 


6. Let M be a point in the interior of triangle ABC and let M, P,Q be three 
colinear points on sides AB, BC and line CA. 
Prove that if 
Suan | Suer _„ [Swag 
Suan  SMCP Sucq 
then МР is skew-parallel with AC. 


7. Let a,b,c and S be the sides lengths and the area of a triangle ABC. Prove 
that if P is a point interior to triangle ABC such that 


aPA+bPB+cPC = 45 


87 
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then P is the orthocenter of the triangle. 


8. Let II, Iz be the incenters of triangles A; B; C, and А. ВС. Prove that if Ii 
and Г, divide the internal bisectors A1 Aj, A55 in the same ratios they divide the 
internal bisectors Bi Bi, Bz Bg, then triangles A; B,C, and A2 B20A are similar. 


9. On side BC of a triangle ABC consider points M and N such that BAM = 
CAN. 


Prove that 


10. Let M be a point on the hypotenuse BC of a right triangle ABC and let 
points N, P be the feet of the perpendiculars from M to AB and AC. 
Find the position of M such that the length N P is minimal. 


11. Let ABC be an equilateral triangle and let P be a point in its interior. Let the 
lines AP, BP, CP meet the sides BC, CA, AB at the points Aj, Bi, Ci respectively. 
Prove that 

A,B, . BC, . С, A, > А В . B,C , СА. 


12. Let 5 be the set of all triangles ABC for which 


(4 897 en) ~ iE SOC] =S 

AP BQ CR min P BV, CRI r’ 

where r is the imradius and P,Q, R are the points of tangency of the incircle with 
sides AB, BC, CA, respectively. Prove that all triangles in S are isosceles and similar 
to one another. 


13. Let ABC be a triangle inscribed in a circle of radius R, and let P be a point 
in the interior of ABC. Prove that 


BA BB POLI 
BC? * CA? 15 2 R 


14. Let J be the incenter of an acute triangle ABC. Prove that 
AI- BC + BI-CA+CI-AB=Sarc 
if and only if triangle ABC is equilateral. 
15. Let ABC be a triangle such that 
(8AB — ТВС – ЗСА)? = 6(AB? — BC? — СА?). 
Prove that A = 60°. 
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16. Let Р be a point in the plane of triangle ABC such that the segments РА, 
PB and PC are the sides of an obtuse triangle. Assume that in this triangle the 
obtuse angle opposes the side congruent to PA. Prove that BAC is acute. 


17. Triangle ABC has the following property: there is an interior point P such 
that PAB = 10°, PBA = 20°, PCA = 30°, and PAC = 40°. Prove that the triangle 
ABC is isosceles. 


18. Let ABC be a triangle such that max (A, В} = С + 30°. Prove that ABC is 
right angled if and only if t = МЗ+1. 


19. Prove that in the interior of any triangle ABC there is a point P such that 
the circumradii of triangle PAB, PBC, PCA are equal. 


20. The incircle of the triangle ABC touches the sides AB, BC, CA at the 
points C", A’, B', respectively. Prove that the perpendiculars from the midpoints of 
А'В', B'C', C' A' to AB, BC, CA, respectively, are concurrent. 


21. Let A; А5 Аз be а non-isosceles triangle with the incentre J. Let Ci, = 1,2,3, 
be the smaller circle through J tangent to A;A;,; and A. A. H (the addition of indices 
being mod 3). Let B., i = 1,2,3, be the second point of intersection of C;,1 and С. 
Prove that the circumcenters of the triangles A; B,J, А«»В»1, A3BsI are collinear. 


22. On sides AB and AC of a triangle ABC consider points B’ and C” such that 
AB' AC" 
BE OC 
Find the locus of the intersection point of lines BC’ and CB. 


=k is constant. 


23. Let ABC be an equilateral triangle of side length 1. Find the locus of points 
P such that 


max{PA, PB, PC} = elt A 


PA-PB+PB-PC+PC-PA-1 
24. Prove that in any acute triangle 

V a?b? — 452 + ac — 452 = а?. 
25. Prove that a triangle in which 


Via + уту + vre N 
is equilateral. 
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26. Prove that a triangle is equilateral if and only if 
1 1 1 1 1 1 


mi'mp mb n'n' "m 
27. A triangle with side lengths a, b, c has circumradius equal to 1. Prove that 
a+b+c > abc. 


28. Prove that in any triangle 
уло < 98 
(р 5)(р- с)" г 


29. Prove that іп any triangle 
Ei — 1 + i > E 
hà hb hi-3n 
30. Prove that in any triangle 


у тать + у The + Vrera > 9r. 


31. Prove that in any triangle 


MaMpMe 2 Tal ble: 


32. Prove that 
2р? > 27Rr 
for any triangle. 
33. Let ABC be a triangle. Prove that A < 3 if and only if 
bc 
(p—b)(p—c) < ү. 


34. Three equal circles of radii r are given such that each one passes through the 
centers of the other two. 
Find the area of the common region. 


35. Let ABCD be a nonisosceles trapezoid with bases AB and CD. Prove that 


АС? - BD? AB+CD 
Ар? – ВС? AB-CD' 


36. Let ABCD be а trapezoid with bases AB and СР”. Prove that if 
(AB + CD)? = BD? + АС? 
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then the diagonals of the trapezoid are perpendicular. 


37. Prove that if in a trapezoid with perpendicular diagonals the altitude is equal 
to the midline, then the trapezoid is isosceles. 


38. Let ABCD be a trapezoid with bases AB and CD. Prove that 


AB? – ВС? + AC? _ AB?- AD? + BD? AB 
CD? — AD? + AC? ~ CD? — BC? + BD? OD 


39. Prove that a trapezoid whose difference of the diagonal lengths is equal to 
the difference of nonparallel side lengths is isosceles. 
40. Let ABCD be a cyclic quadrilateral. Prove that 
[АВ — CD| + |AD – BC| > 2|AC - BD]. 


41. Prove that a right trapezoid whose altitude length is equal to the geometrical 
mean of the lengths of its bases has perpendicular diagonals. 


42. Let E and F be the projections of the vertices A and B of a trapezoid ABCD 
on line C D. Let М and N be the projections of E and F onto BD and AC, respectively 
and let P and Q be projections of E and F onto BC and AD, respectively. 

Prove that the quadrilateral MN PQ is cyclic. 


43. Let ABCD be a convex quadrilateral that is not a parallelogram and let M 
and N be the midpoints of the diagonals AC and BD. Prove that numbers 
AB+CD, BC+AD, AC+BD, 2MN 
can be the side lengths of a cyclic quadrilateral. 
44. Let ABCD de a cyclic quadrilateral and let lines AB and CD meet at point E. 


Point F is the reflection of C across E. Prove that lines AF and BD are perpendicular 
if and only if lines AB and CD are perpendicular. 


45. Find all cyclic quadrilaterals having the side lengths odd integers and the 
area a prime number. 


46. A cyclic quadrilateral has the side lengths a, b, e, d, the diagonal lengths e, f 
and the semiperimeter p. Prove that 


8e? f? — рё < 8(а2с? + 54). 
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47. A cyclic quadrilateral has the side lengths a, b, c, d and the diagonal lengths 
e and f. 
Prove that if max(|a — cj, |b - d|} < 1, then 


le- f| < v2. 


2 
48. A cyclic quadrilateral has area S and semiperimeter p. Prove that if S = (5) А 
then the quadrilateral із a square. 


49. Let ABCD be a convex quadrilateral and let P be the intersection point of 
its diagonals. 
Prove that 
Spas Syop = $рвс + SPpA 


if and only if P is the midpoint of AC or BD. 


50. Let M be a point on the circumcircle of the cyclic quadrilateral ABCD and 
let points A’, B', C", D' be the projections of M onto AB, BC, CP, DA, respectively. 
Prove that 

(i) lines A' B', C D' and AC are concurrent 

(ii) lines B'C', D'A' and BD are concurrent. 


51. A convex quadrilateral ABCD with area 2002 contains a point P in its interior 
such that РА = 24, PB = 32, PC = 28, and PD = 45. Find the perimeter of ABCD. 


52. Find the locus of points P in the plane of a square ABC such that 


1 
JB + PD) 


max(PA, PC) — 
53. Let P be the set of all quadrialterals with the same diagonal lengths and let 
М (p) and Аз (р) be the lengths of the segments determined by the midpoints of two 
opposite sides of a quadrilateral p € P. 
Prove that for all p € P the sum A? (p) + А? (р) is constant and find the value of 
this constant. 


54. Let ABCDEFGHIJK L be a regular dodecagon and let R be the circumra- 
dius. 
Prove that 
AB AF 


c E Е 2 2 2 ES 
F ap and AB + AC? + AD? + АЕ? + АЕ? = 10R’. 
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55. Prove that if inside a convex poligon there is a point such that the sum of the 
squares of its distances to the vertices of the poligon is twice the area of the poligon, 
then the poligon is a square. 


56. Let A1 Аз... An be a cyclic polygon and let P be a point on its circumcircle. 
Let PI, Pr. . . N be the projections of P onto the sides of the polygon. Prove that 
the product 


is constant. 


57. Let А, Аз...Аљһ be a cyclic polygon and let M Бе a point on 
its circumcircle. Points Ki, Ka, . Kan are the projections of M onto sides 
A; Аз, A2 Ás,..., Aon A; and points Hi, Hz, . ., Hn are the projections of M onto 
diagonals Ay Аһ+1, Az A2 . An A355. Prove that 


MK,-MKs3...MKon-1= МК». MK4...MKo, = MH, MHz. . MH. 


58. Find the circumradius of a cyclic polygon with 2n sides if n sides have the 
length а and п sides have the length b. 


59. Let Р be a point in the interior of a tetrahedron 450 D such that its projec- 
tions A1, B1, C1, Dı onto the planes (ВСР), (CDA), (DAB), (ABC), respectively, 
are all situated in the interior of the faces. If S is the total area and r the inradius of 
the tetrahedron, prove that 

Ssop Song т Spas , SABC > 5 
PA, PB, PC, Р Di uy 
When does the equality hold? 


60. Let 41424344 be a tetrahedron, G its centroid, and Aj, Аз, Аз, A4 the points 
where the circumsphere of A; 454354 intersects СА, САз, GAs, GA, respectively. 
Prove that 

GAi:GAa - GAs GA. € СА, GAS - GAS GA. 


and 
1 uh 1 1 1 1 1 1 


СА G * GA, * GA, © GA, СА GAs САС 


SOLUTIONS 


1. The positive real numbers a?,b?,c? can be the side lengths of a triangle if and 
only if 
à +02 > 0, ren, GG > 0. (1) 


Because 
— eee: ete 
— WS 
relation (1) is equivalent to cos A > 0, cos B > 0, cosC > 0. Hence the necessary and 
sufficient condition is that triangle ABC is acute. 
(Dorin Andrica, Revista Matematică Timigoara (RMT), No. 2(1978), pp. 48, 
Problem 3507) 


2. Let A’, B',C' be the midpoints of sides BC, СА, AB respectively. Construct 
point M such that ВСМС" is a parallelogram. Note that AC'CM and BB'M A' are 
also parallelograms hence AM = CC' and A'M = BB’. Hence the triangle determined 
by the medians is AA'M. 


Let № be the intersection point of lines B'C' and AA’. Because AC'A'B' is a 
parallelogram, we have 


C'N = B'N = ;P M, 


95 


96 3. GEOMETRY 


so B' is the centroid of triangle AA’ M. Hence 
3 3 
Saw M = 35дА'В' = 55АА'С = 4 SABC- 


Alternative solution: Consider the vectors à = BC, b = AC, ¢ = AB, m, = AA’, 
ть = BB! and observe that 
m,=16+2), m= 46-0 6-259 
2 2 , 6—9 а = 5 А 
We obtain 
m, xm = 10-2) x 6-29) = FE xd), 
= 3 
hence ma x MUh = — 


[c x b| and the conclusion follows. 
(Titu Алена. 


3. If BP meets АС at P, then by Ceva’s theorem we obtain 


Because MB = MC, we have 
ФА NA 
QB NC’ 
Therefore QN||BC and then NBC = QNB. 
On the other hand, because BN bisects angle ABC, it follows that NBC = QBN. 
Hence QN B = QBN and triangle BNQ is isosceles, as desired. 


(Titu Andreescu, Revista Matematică Timigoara (RMT), No. 1(1978), pp. 66, 
Problem 3286) 


4. Let H be the orthocenter of triangle ABC and let A’ be the midpoint of side 
BC. Because F A'|| AC, it follows that ҒА’ L BH. Moreover BA' L HF, so A’ is the 
orthocenter of triangle BH F. Hence 

HA' LBF. (1) 


On the other hand, A DAB, so A'D L HC. Since HD L A'D it follows that D 
is the orthocenter of triangle HAC thus 


DC LHA. (2) 


— 
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Note that GH L АВ and EH 1 AC. Since АВ||А'Е and AC||GA', we have 
GH L A'E and EH 1 GA’, so Н is the orthocenter of triangle A' EG. Therefore 


АН 1 GE. (3) 
From relations (1), (2) and (3) we obtain 
DC|BFIIGE, 
as desired. 
(Titu Andreescu) 


5. Using Ceva's theorem, we obtain 


hence 


S Ss 55 "EVE TE 
S2 Sa Se S2 Sa Se 
so 
51 _ 5: 88 1 
$3 5 Ss 7 
This implies 
СА 4B BO 1 


CB AC BA 
It follows that A’, B', C“ are the midpoints of the triangle's sides and M is the 
centroid, as claimed. 
(Titu Andreescu, Revista Matematica Timişoara (RMT), No. 1(1974), pp. 23, 
Problem 1904; Gazeta Matematică (GM-B), No. 2(1979), pp. 63, Problem 0:16) 
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6. Using Menelaus’ theorem yields 


Hence 


Sman SuBA SMN _ | 


SMBN SMCA SMAQ 
or 


— 6 — ш ————— 


A 


From the condition in the hypothesis it follows that 


SMAN A SuBP . 2 [Sman Supp 
SMN SM Suen 8мср' 


and so 
Sman _ Supp 
Suen  SMCP 
Thus 
МА _ РВ 
NB РС 


hence N P and AC are skew-parallel. 
(Titu Andreescu, Revista Matematică Timişoara (RMT), No. 1(1978), pp. 66, 
Problem 3287; Gazeta Matematică (GM-B), No. 2(1979), pp. 56, Problem 17607) 


7. Let A1, Bi, Ci be the feet of triangle’s altitudes and let A’, B', C' be the pro- 
jections of P onto its sides. 


If P is the orthocenter of the triangle, then the equality holds. 
Assume by way of contradiction that P is not the orthocenter of the triangle and 


aPA+bPN + сРС = 45. 
Then at least two of the inequalities 


PA+PA>AA,, РВ+РВ'> ВВ, РС+РС' > СО, 
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are strict. 


B A; А! C 
It follows that 
aPA+bPB+cPC > a(AA, — PA’) -b(BB, — PB’) + (CC, – PC") 


45 > aAA, + bBB, + cCC, — (aPA' + bPB' PC“). 
Hence 45 > 65 — 25 = 4S, which is false. 
(Titu Andreescu, Revista Matematică Timişoara (RMT), No. 2(1978), pp. 74, 
Problem 3689; Gazeta Matematicá (GM-B), No. 2(1980), pp. 64, Problem 18122) 


8. Using the angle bisector theorem and Van Aubel's theorem, it follows that 
IA ВА C'A bre 


АРСОВ" а ^ 
апа 

IB _ АВ CB ca, 

In ug CA Do 
* 10 +b 

a 
F 
and note that à 
ы+1=?, m+l=?, 1 2, 


where р is the semiperimeter. Hence 
E ы МНЕ. DN IMG: ЭЙЕ 
Ki T1 k+l k+l 


_ki+ka+2 
a= kiko -1 ` 
Furthermore, since 


1 [NI i (к +1)(ks +1) 
"A Nai RII ke | 
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we observe that cos A depends only on kı and Ёз. Hence cos A = cos A, and, analo- 
gously, cos B = cos Bi, thus triangles ABC and А, B,C; are similar. 

(Dorin Andrica, Romanian Regional Mathematical Contest "Grigore Moisil", 
1999; Revista Matematică Timişoara (RMT), 1999, pp. 87) 


9. Using Steiner's theorem, we obtain 
MB. VB АВ? 
MC. NG AC? 
Applying the AM-GM inequality yields 


MB , NB, [MB-NB _,AB 
MC NC = МС.МС 4C 
as desired. 


Note that the equality case occurs only if AM and AN coincide with the internal 
bisector of angle A. 
(Titu Andreescu) 


10. The quadrilateral АРМ М is a rectangle, therefore NP = AM. Hence NP is 
minimal if AM | ВС, so M is the foot of the altitude from А. 
(Titu Andreescu) 


11. Applying the law of cosines to triangle A, B,C we obtain 
А,В? = АС? + B,C? — AC - ВС, 


and using the inequality z? + y? — zy > zy, which holds for all real numbers z, y, we 
get 
A,B? > АС: ВС. 
А 
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Similarly, we obtain B,C? > В, A- C4 A and СА? > C,B - AB. Multiplying the 


three inequalities together, we obtain 
(А. В, · В.С: CL AL? > А.В: AC- BLA- BC CIA -· Ci B. 


Now the lines AA,, BBI, CCi concur, so 
AB- BC-C4A— A,C- BIA- СВ, 


and after substituting and taking square roots, we have 
A,B, B0,-C4A; > А.В. В,С. СА, 


the desired inequality. Equality holds if and only if CA; = CB,, AB, = АС, and 
ВС, = BA,, which in turn holds if and only if Р is the center of triangle ABC. 


(Titu Andreescu, IMO 1996 Shortlist) 


12. We start with the following lemma. 


Lemma. Let A,B,C be the angle of a triangle ABC. Then 
Co 


A B B C 
tan 2 tan, + tan tan 2 +tan z tay = 1. 


Proof. We present two arguments. 


First approach. Since 
tan(a + 8)[1 — tan a tan 8] = tana + tan й, 


tan(90° — а) = cota = 1/tana, and A/2 + B/2 + C/2 = 90°, the desired identity 


follows from 
tn tn 2 + tn ua C mtn (in + ten ©) = 
= tan 5 tan ($+) [i tan tan 2 = 
= tan Pus (2) -- 
-1- wd uad. 


Second approach. Let a,b, c, r, s denote the side lengths, inradius and semiperime- 
ter of triangle ABC, respectively. Then SAgc = rs, АР = s — a, and tan(A/2) = 


r/(s — a). Hence 
A Sanc 
a 806 a) 


Likewise, 
В Sanc 
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Hence 


tan 4 tan 2 + tan 4 tan © + tan © tan = 
- figo (C7240 -0+0-0) . 
82 (s -a) (s — b)(s — с) 

M NN 

&s(s—a)(s—b)(s—-c) "' 

by Heron's formula. O 
A 
Р 2 Е 
В Q C 


Without loss of generality assume that AP = min(AP, BQ,CR). Let т = 
tan(A/2), y = tan(B/2), and z = tan(C/2). Then AP = r/z, BQ = r/y, and 
CR = r/z. The condition given in the problem statement becomes 


2x + 5y + 52 = 6, (1) 
and the equation in the lemma is 
ту+уг+ 2т = 1. | (2) 
Eliminating т from (1) and (2) yields 
Бу? + 52° + 8yz — бу — 6z +2 = 0. 
Completing squares, we obtain 
(Зу – 1)? + (32 – 1)? = 4(y – z)*. 
Setting 3y – 1 = u, 3z 1 = v (i.e., y = (u + 1)/3, z = (v + 1)/3) gives 
5u? + 8uv + 5v? = 0. 


Because the discriminant of this quadratic equation is 82 — 4 х 25 < 0, the only 
real solution to the equation is u = v = 0. Hence there is only one possible set of 
values for the tangents of half-angles of ABC (namely т = 4/3, у = z = 1/3). Thus 
all triangles in S are isosceles and similar to one another. 

Indeed, we have т = r/AP = 4/3 and y = z = r/BQ = r/CQ = 1/3 = 4/12, so 
we can set г = 4, AP = AR = 3, and BP = BQ = CQ = CR = 12. This leads to 
AB = AC = 15 and BC = 24. By scaling, all triangles in S are similar to the triangle 
with side lengths 5, 5, 8. 
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We can also use half-angle formulas to calculate 


2tan S 


sin B = ein C ——2, =}. 


a 
1+ tan 2 


From this it follows that AQ: QB: BA=3:4:5and BC: AC: BC —5:5:8. 

Alternative solution. By introducing the variables р = y + z and д = yz — 1, 
relations (1) and (2) become 2z + 5p = 6 and zp + q = 0, respectively. Eliminating т 
yields 


p(6 — 5p) + 2q — 0. (3) 


Note that y and z are the roots of the equation 
t? — pt T (q 4- 1) = 0. (4) 


Expressing q in terms of p in (3), and substituting in (4), we obtain the following 
quadratic equation in £: 


„ЗР -6p2 = 0. 


#2 pt : 


This equation has discriminant —(3p — 2)? < 0. Hence the equation has real 
solutions only if p = 2/3, and y = z = 1/3. 
Note. We can also let z = AP, y = BQ, z = CR and use the fact that 


r(z+y +2) = Sanc = v zyz(z + y +z) 


to obtain a quadratic equation in three variables. Without loss of generality, we may 
set z = 1. Then the solution proceeds as above. 
(Titu Andreescu, USA Mathematical Olympiad, 2000) 


13. Let a,b,c, A, B,C be the side lengths and angles of triangle ABC. Let X, V, Z 
be the feet of the perpendiculars from P to lines BC, CA, AB, respectively. Recall 
the inequality (the key ingredient in the proof of the Erdós-Mordell inequality): 


PAsin A > PY sinC + PZsin B. (1) 
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This says that the length of Y Z is greater than equal to its projection onto BC, 
the latter being equal to the sum of the lengths of the projections of PY and PZ 
onto BC. In fact, since AY Р = AZP = 90°, AZPY is cyclic with AP as a diameter 
of its circumcircle. By the Extended Law of Sines, Y Z = PAsin A. Let M and N be 
the feet of perpendiculars from Z and Y to the line PX. Since BZP = ВХР = 90°, 
PZBX is cyclic. Hence МР? = B and ZM = PZsin B. Similarly, YN = PY sin C. 


Thus (1) is equivalent to YZ > Y N -- MZ. Multiplying by 2Ё and using the Extended 
Law of Sines, (1) becomes 


aPA > cPY + bPZ. 


Likewise, we have bPB > aPZ + cPX and PO > bPX +aPY. Using these 
inequalities, we obtain 


PA PB PC | SE. c а a b 
aegre) 3)72(*3)z 


2PX | 2PY 2Р2 


2 p * a + Ju (AM-GM inequality) 


— 454вс _ 1 
© abe R 
Equality in the first step requires that Y Z be parallel to BC and so on. This 
occurs if and only if P is the circumcenter of ABC. Equality in the second step 
requires that a = b = c. Thus equality holds if and only if ABC is equilateral and P 
is its center. 
(Titu Andreescu, USA IMO Team Selection Test, 2000) 


14. It is known that if H is the orthocenter of a triangle ABC then 
AH-BC+BH-CA+CH-AB=4Sapc. 
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В, 
B' 


B A, А! С 


We prove that J = Н. 

Assume by way of contradiction that points J and Н are distinct. Let A1, B1, Ci 
be the feet of the altitudes from A,B,C and let A’, В’, C' be the projection of J onto 
the sides ВС,С А, AB, respectively. Hence at least two of the inequalities 


IA+IA' > AA, IB+IB'>BB,, IC +ІС'> СС, 
are strict. It follows that 
a-IA+b-IB+c-IC > a(AA, – IA')+b(BB, — IB’) + CCI — IC"), 


4S Apc > 6SAnc — 2SAnc, 
which is false. 
Therefore J = H and ABC is an equilateral triangle, as desired. 
(Titu Andreescu, Revista Matematica Timişoara (RMT), No. 2(1981), рр. 67, 
Problem 4616) 


15. Using standard notations, we have 
64c? + 49a? + 9b? — 112ac — 48bc + 42ab = 6c? — ба? — 602. 
This is equivalent to 
15b? + 2b(21a — 24c) + 55a? — 112ac + 58c? = 0. 


Viewing this as a quadratic equation in b, the condition A > 0 is satisfied. That 
is 
441a? — 1008ac + 576c? — 825a? + 1680ac — 870c? > 0. 


The last relation is equivalent to 
—6(64a? — 112ac + 49c?) > 0, 


or (8a — 7c)? < 0. It follows that 8a = 7c. Substituting back into the given condition 
yields 3a — 7b. We obtain | 
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hence triangle ABC is similar to triangle A'B'C' having sides 7, 3, 8. In this triangle 
3-.8-7 1 
к=. Е 
wma TE 
It follows that A = A’ = 60°. 
(Titu Andreescu, Korean Mathematics Competition, 2002) 


16. First solution. By the Cauchy-Schwarz Inequality, 
V PB? + PC?\/AC? + AB? > РВ. AC + РС. AB. 
Applying the (Generalized) Ptolemy’s Inequality to quadrilateral ABPC yields 
PB.AC+PC-AB>PA- BC. 


Because PA is the longest side of an obtuse triangle with side lengths 
PA, PB, PC, we have PA > /PB? PV, and hence 


PA- BC > / PB? + PC? - BC. 
Combining these three inequalities yields 


v AB? + АС? > BC, 


implying that angle BAC is acute. 

Note. With some careful argument, it can be proved that quadrilateral ABPC is 
indeed convex. We leave it as an exercise for the reader. 

Second solution. Let D and Q be the feet of the perpendiculars from B and P to 
line AC, respectively. Then DQ < BP. Furthermore, the given conditions imply that 
AP? > BP? + PC?, which can be written as AP? — PC? > BP?. Hence, 

AQ? > AQ? — QC? = (AP? – PQ?) - (CP? - PQ’) = 
= AP? — PC? > ВР? > DQ’. 

Let | be the ray AC minus the point A. Note that, since PA > PC, Q lies on ray 
l. If D did not lie on І, then AQ would be less than or equal to DQ, a contradiction. 


Thus, D lies on I, and angle B AC is acute. 
B 


o 


0 
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Third solution. Set up a coordinate system on the plane with A = (0,0), B = 
(a,0), C = (b,c), and P = (z,y). Without loss of generality, we may assume that 
a> 0 and that c > 0. Proving that angle BAC is acute is equivalent to proving that 
b> 0. Since PA? > PB? + PC?, 

т? 4 y? > (2-а)? y? + (= - b + (у- с)?. 
Hence 
0 > (z - a? – 2bz + f? + (y – c)? > —2bz. 
Since PA > PB, we have z > 3 > 0. It follows that b > 0, as desired. 


Fourth solution. We first prove the following Lemma. 
Lemma. For any four points W, X,Y,Z in the plane, 


WY? + XZ? «WX? + ХҮ? - Y Z? + Zw’. 


Proof. Pick an arbitrary origin О and let w,z,y,z denote the vectors from О to 
W, X,Y, Z, respectively. Then 
ИХ? + ХҮ? +Ү2? + ZW? – ШҮ? – Х2? = 
= |w — z? + |2 wy *ly- z^ + |е wl? - lw - yl? – fr z}? = 
SU . TT ? NZZ - 2(ш-т TT HT ZT mM -u - 22) = 
-|w-y-z- 2 
which is always nonnegative. Equality holds if and only if w +y = z+ z, which is true 
if and only if WXYZ is a (possibly degenerate) parallelogram. O 
Applying the Lemma to points A, B, C, P gives 
0 < AB? + BP? + РС? + СА? — АР? - ВС? = 
= (PB? + PC? — PA?) + (AB? + AC? — BC?) < 
< 0+ (АВ? + AC? — BC?) = АВ? + AC? — ВС?. 
Therefore angle BAC is acute. 


Fifth solution. In this solution, віп! takes on values between 0° and 90°. Note 
that PAB < 90°, since PB < PA. Applying the Law of Sines to triangle PAB yields 


„ РВ, = РВ 
sin PAB = pa iin АВР S PA 
It follows that " 
== -ı PB 
РАВ < sin“ 5. 


Since РА? > PB? + РС?, we have similarly 
PAC < sin? РО < gins PET PB 


a PA 
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Thus 
BAG < BAP + PAC < ein- РВ + gig! pid кай 
PA PA 
If 0 = sin?! pi then 
УРА? — PB? 
sin(90° — 8) = cos = У1 – sin? YET. 
Hence 
BAC «sn РВ en- PETER _ у, 
« gin PA sin PA = 90°, 


and angle BAC is acute. 


B 


As we mentioned at the end of the first solution, the conditions in the problem 
imply that quadrilateral ABPC is indeed convex. Thus, the diagram on the right-hand 
side is not possible, but this solution does not depend on this fact. 

Sizth solution. 


Note that PA? > PB? + PC?. Regard Р as fixed and А, В,С as free to rotate 
on circles of radii PA, PB, PC about P, respectively. As А, В,С vary, BAC will be 
maximized when B and C are on opposite sides of line PA and ABP and ÁCP are 
right angles, i.e., lines AB and AC are tangent to the circles passing through B and 
C. 

Without loss of generality, we assume that PA > PB > PC. In this case, ABPC 
is cyclic and AB? = PA? — PB? > PC?, and similarly AC? > PB?. Hence on 
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the circumcircle of ABPC, arcs AB and AC are bigger than arcs PC and PB, 
respectively. Thus, BPC > BAC. Because these two angles are supplementary, angle 
BAC is acute. 


(Titu Andreescu, USA Mathematical Olympiad, 2001) 


17. All angles will be in degrees. Let т = PCB. Then PBC = 80 – z. By the 
Law of Sines (or the trigonometric form of Ceva's Theorem), 


PAPBPC  sinPBAsinPCBsinPAC _ 


1 


7 РВРСРА sin PA sin PBC sin FA 


sin 20 sin т sin 40 436 in æ sin 40 cos 10 
ein 10 sin(80 – ) sin 30 sin(80 — z) 
B 
20? 
10° 
30° 40° 
C A 


The identity 2 sin а cosb = sin(a - b) + sin(a + b) (a consequence of the addition 
formula) now yields 


P 2sin z(sin 30 + sin 50) віп 2(1 + 2 cos 40) 
B sin(80 — z) ^  sin(80—-z) ' 


2sinz cos 40 = sin(80 — т) — sin z = 2sin(40 — т) cos 40. 


This gives z = 40 — z and thus z = 20. It follows that ACB = 50 = BAC, so 
triangle ABC is isosceles. 
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Alternative solution. Let D be the reflection of A across the line BP. Then triangle 
APD is isosceles with vertex angle 
APD = 2(180 - BPA) = 2(PAB + АВР) = 2(10 + 20) = 60, 
and so is equilateral. Also, DBA = 2PBA = 40. Since BAC = 50, we have DB 1 AC. 


B 
20° 
2 
10° 
C | А 
р 


Let Е be the intersection of DB with CP. Then 
PED = 180 – CED = 180 – (90 – ACE) = 90 + 30 = 120 


and so PED + DAP = 180. We deduce that the quadrilateral APED is cyclic, and 
therefore DEA = DPA = 60. 
Finally, we note that DEA = 60 = DEC. Since AC L DE, we deduce that A 
and C are symmetric across the line DE, which implies that BA = BC, as desired. 
(Titu Andreescu, USA Mathematical Olympiad, 1996) 


18. Let max{A, B} = A. If triangle ABC is right-angled, then A = 90°, B = 30° 
and C = 60°. In order to find z we may assume that ABC is the triangle with sides 
a=2,b=1, c= V3. We have R = 1 and 

v3 
6’ỹ IEEE. 
8 2-143 3-43 
2 


R 3-43 
-= =vV3+1. 
so — i УЗ + | 

Conversely, assume that = V3 + 1. From the identity 
C 


. 
r= 4Rsin J sin J sin > 
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it follows that 
ee Bc 
r = 4(УЗ + 1)rsin J sin 7 sin > 
or 
1 A- 6 B 
— — = 2| sin — sin — | sin r. 
2(V3 + 1) Cr nz) n3 
Then 


and, since A — С = 30°, we obtain 


/3-1 (V6+v2_ . B\. B 
а а 


4 


Letting sin i = rz yields 


V6- Và asc У 


whose solutions аге т = and z — уа. It follows that d = 15° or — = 45°. 
The second solution is not acceptable, because A > B. Hence B = 30), А = and 
С = 60°. Thus triangle ABC is right angled. 

(Titu Andreescu, Korean Mathematics Competition, 2002) 


В 
2 


19. Construct in the exterior of triangle ABC three circles equal to the circum- 
circle ABC that pass through two vertices of the triangle. By the five-coin theorem 
the circles will have a common point P, as desired (see Dorin Andrica, Csaba Varga, 
Daniel Väckretu, "Selected Topics and Problems in Geometry", PLUS, Bucharest, 
2002, pp. 51-56). 

Alternative solution. Let H be the orthocenter of triangle ABC. The reflections 
of H across the sides of the triangle are points of the circumcircle of triangle ABC. 
Therefore the circumcircles of HAB,HBC,HCA are equal to the circumcircle of 
ABC and for P = H the claim holds. 

(Dorin Andrica, Revista Matematicá Timigoara (RMT), No. 2(1978), pp. 74) 


20. Denote the midpoints of A'B', В'С',С' A' by Co, Ао, Bo, respectively, and 
the three perpendiculars in question by lo, IA, IB. Consider the centroid of triangle 
A'B'C'. 
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A ou B 


Since ApG : СА! = Воб : GB' = CoG : GC' = 1: 2, the dilatation h with center 
С and coefficient —2 takes Ap, Bo, Co to A’, B', C", respectively. Since dilatations carry 
straight lines into parallel lines, h transforms с into the line through C" perpendicular 
to AB. But С” is the point of tangency of the incircle and AB, so this line passes 
through the incenter of triangle ABC. The same applies to the images of Ід and 
lg under h. Since the images of IA, Ig, lo under h are concurrent, so are IA, Ig, lo 
themselves. 

(Titu Andreescu, Romanian IMO Selection Test, 1986) 


21. Because triangle A, Аз Аз is not isosceles, it is not difficult to see that the 
circumcenter of the triangles A1 B,I, A;B;I, 43 B; are defined. We start with а 
simple lemma. 

Lemma. Let ABC be a triangle with the incenter I. Let T be the circumcenter 
of the triangle BIC. Then T lies on the internal bisector of the angle A. 

Proof. Let us draw the external bisectors of the angles B and C as shown in the 
figure below. 

B 


A C 


They intersect at the excenter E, which lies on the internal bisector of the angle 
A. Since BE L BI and CE 1 CI, the quadrilateral BECI is cyclic with the center 
of the circumscribed circle on JE. This center will be also the circumcenter of BIC. 
The lemma is proved. 
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Let us prove the main statement. For i = 1,2,3 we denote by Q; the center of the 
circle С; and by T; the circumcenter of the triangle Ai+ı Т. Аз. Clearly, О; lies on the 
internal bisector of the angle A;. By the lemma, T; also lies on the same bisector. Thus 
the triangles O10203 and ТТТ; are perspective from the point J. By Desargues’ 
theorem these triangles are perspective from a line. This is to say that if we denote 
Qi, i = 1,2, 3, to be the point of intersection of the lines Oj410;,2 and Tipi Tita, then 
the points Q1, O2, Qs are collinear. But since Т;+1Т;4.2 is the perpendicular bisector 
of A, I and O,,10;,2 is the perpendicular bisector of B,J; these points are exactly 
the circumcenter of the triangles A, Bi I, A2B2I, A4; BI, respectively. 

Remark. A student not familiar with Desargues' theorem may proceed from the 
point as follows. Applying Menelaus’ theorem to the triangles ТО, Оз, 10203, ТОЗО, 
and to the triples of points (Ii, T2, Qs), (T2, T3, Oi), (Ta, T1, Oz), respectively, one 
can, observing usual agreement about the signs, write: 


ОТ IT; O4Qs _ 


Li. ML 1 
IT, OT; OiQs 
ITs ОТ QsQi _ 1 
ОзТз IT, OsQi : 
IT, OTs 0.92 _ 1 
OTT, ITs 00,» 7 
Multiplying them all one gets 
O2Qs 030. A192 1 


6105 6201 ОзО» 
which means that the points Q1, O2, Qs are collinear. 
Alternative solution. This proof will be based on inversion. We take the incenter 
I to be the center of the inversion and the power of the inversion is arbitrary. Using 
primes to denote images of points under the inversion we have the following dual“ 
figure shown below. 
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Indeed, the image of the circle C; is a straight line Bj, , Ву, з, with these lines 
forming the triangle В! ВВ. The line А; А үү will be transformed into the circle 
Pitz, with the side А; А; becoming the arc А; A, which does not contain I. Note 
that all these circles have equal radii since the distances from I to the sides of A; Ap Аз 
were equal. 

Let us note that if Li, La, Ig are three circles passing through the common point 
I and no two of them touch, then their centres are collinear if and only if there is 
another common point J # through which all these three circles pass. 

We will use this observation for X; being the circumcircle of A,B. I. Since the 
inversion takes У); to the line А; B;, the desired result is to show that the lines Aj Bj, 
Aj, Bi, А,В! are concurrent. For this, it suffices to show that the triangles Aj 45 Аз 
and В; В, В} are homothetic, which is the same to say that their corresponding sides 
are parallel. Since the radii of the circles PI, Г, Ts are equal, the triangle P, P; P; 
formed by their centre has its sides parallel to the corresponding sides of the triangle 
В! BIBB. The homothety of ratio 1/2 centred at I takes the triangle A1 А» Аз into 
the triangle whose vertices аге the midpoints of the triangle P, P? Ps. Therefore the 
corresponding sides of the triangles А! А5 А; and NH are also parallel and the 
result follows. 

(Titu Andreescu, IMO 1997 Shortlist) 


.22. Let I be the intersection point of lines CB' and C'B and let A' be the 
intersection point of lines AI and BC. 
We have 
AB' AC! AI 
ВВ CC IA" 


from Van Aubel's theorem, therefore 4 is constant. Hence the locus of point J is a 
line segment parallel to BC. 
(Titu Andreescu) 


3.2. SOLUTIONS 115 


23. Without loss of generality assume that 
PC = max{PA, PB, PC}. 
The condition in the hypothesis is 
PB-PC+PA-PC=PA-PB+1 


rd PC РА.РВ+1.1 
d ^PAd-PO 
From the converse of the second theorem of Ptolemy it follows that PACB is a 
cyclic quadrilateral. Note that P cannot be A, B or C otherwise the denominator of 
the right-hand side equals 0. Hence the locus of point P is the circumcircle of triangle 
ABC without the vertices А, B, C. 
(Titu Andreescu, Revista Matematică Timigoara (RMT), No. 1(1985), Problem 


C7:3) 
24. We have 
а — 483 + are — 451 = ab? — аз sin? C+ 
Va- a?c? sin? В = ab cos C + ac cos В = 


= ab — ———— +ас 


as desired. 
(Titu Andreescu, Revista Matematicá Timigoara (RMT), No. 8(1971), pp. 25, 
Problem 1006) 


25. The relation is equivalent to 


Va + /ть + уте _ 1 
Матье 5 
or 
F 
May fefa aN r 
On the other hand, 
1 1 1 1 
—+—+—=-, 
ra Tp Te r 
80 
1 1 1 1 1 1 
E — = — +>. 
af fe ef Ta ту Te 
Тһеп 


--- C280 
Vra vn) ^N Ж) Ve ж) ES 
SO fa = T = гє. It follows that the triangle is equilateral, as desired. 
(Titu Andreescu, Revista Matematică Timigoara (RMT), No. 1(1974), pp. 21, 
Problem 1903) 
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26. If the triangle is equilateral the conclusion is true. 
To prove the converse, we assume by way of contradiction that the triangle is not 
equilateral and say that b # c. Then 
2 3.43 
mi. REO T, Ct =O appo) 
and likewise m? > p(p — b), т? > p(p — c). 
It follows that 


1 1 1 1 1 1 1 
— +3 +-5<-(——+—S +] = 
m; mj т p\p-a p-b p-c 


Lab Abe cn 

. 
On the other hand 
AA -A- e- E- EAS EA 
Ai n Fl a) *t(p-5) + (p—c)*] = ©? À 


Since b Æ c then ab + bc + ca < a? + b? + c? hence 


which is a contradiction. 
(Titu Andreescu, Revista Matematică Timigoara (RMT), No. 2(1977), pp. 66, 
Problem 3063) 


27. We know that 


кте кы, ci 
2 2 gg 
z A B С 
ol Те eek] > sin Asin B sin C. (1) 
On the other hand, 
%% E, duh con ce A 
2 2 2 
so inequality (1) gives 
sin А + sin B + sinC > 4sin Asin B sin C. (2) 


Since the circumradius is 1, we have 
a=2sinA, b=2snB, c=2sinC, 
and relation (2) yields 


a+b +c? abe, 
as claimed. 
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Alternative solution. Let 21, 22, 23 be the afixes of points А, B, C such that |z;| = 
|z2| = |z3| = 1. We have 

а= ВС = |2 – 23|, b= АС = |з – 21|, = АВ = |2 — zəl. 
Using the identity 
21 ( — za) + 23(23 — 21) + 23021 — 22) = (21 — z2)(22 — 2з)(2з — 21) 
and triangle inequality it follows 
abe = |z1 — za||z2 — zsl|zs — z1| S |21|?]z2 — 280 + 12212112 — zal + Has — 22] = 
= |20 — 23| + |z3 — 21| + [2 22 =a +b + с. 

(Titu Andreescu, Revista Matematicá Timigoara (RMT), No. 2(1978), pp. 49, 
Problem 3513; Gazeta Matematică (GM-B), No. 11(1981), Problem 0258; No. 
2(1988), pp. 78, Problem 21353) 

28. For any positive real numbers z, y, z we have 

8туг < (т + y)(y +z)(z +2) 


Setting 
t=-at+b+c, y=0-b+c, z arb c, 
gives 
(-a-b-4 c)(a — b -- c)(a +b- с) € abe, 
зо 
– Уа? + Уа (b +c) – abe < abc. 
It follows that 
у `а%(—а +b +c) < Zabe, 
then 3 
La- a) < 5abc. 
Hence 
ö ee 
= b) p-) 2(p-aí(p-b)p-c) 2 S? 
= 6 e. p _ 6R 
= ae ee ee 
as desired. 


(Titu Andreescu, Revista Matematica Timişoara (RMT), No. 2(1974), pp. 51, 
Problem 2028) 


29. Using the inequality 
3(a? +b? + с?) > (a - b cy", 
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we obtain 
а? +b? + с? oe эл 
45? = 557° 
Непсе 
1 1 1 1 
ha * na * he = 575 
as desired. 


(Titu Andreescu, Revista Matematicá Timigoara (RMT), No. 2(1977), pp. 66, 
Problem 3062) 


30. From the inequality 


1 1 1 1 1 1 
ә Te Ve Vica ута 
we obtain 
1 1 1 1 
-> + — 
r Vrbre у Tofa Vrarb 
Then | 
һепсе 
Мать + утте + Mera 2 9r, 
as claimed. 


(Titu Andreescu, Revista Matematică Timigoara (RMT), No. 2(1978), pp. 64, 
Problem 3277) 


31. We have 
2 2. a 
„үз = * > [Oreo rr 
and likewise 
ть > үр(р- Б), me > Vpl- с). 
It follows that 
татьт, > py/z(p — a)(p — b)(p — c) = pS = тать", 
as desired. 


(Titu Andreescu, Revista Matematică Timigoara (RMT), No. 1(1978), pp. 64, 
Problem 3276) 

32. By the AM-GM inequality, 

(a -- b - c)? > 27abc, 
so 8p? > 27abc. Hence 
abc S 
> 27—--= 
2p? > 27 45 р Rn 
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as desired. 
(Titu Andreescu, Revista Matematică Timişoara (RMT), No. 1(1973), рр. 43, 
Problem 1585) 


33. We have 
A. = ae Nog ee | 
2 < 6 + sin 2 < 2 
It follows that 
(р-Б(р—с) 1 
be =F" 
hence 
be 
(р- b)(p — c) < 4" 
as desired. 


(Titu Andreescu, Revista Matematică Timigoara (RMT), No. 1(1984), pp. 67, 
Problem 5221) 


34. Let Oi, Оз, Os be the centers of the three circles and S the area of the common 
region. 


WAY, 
SZ 


The three sectors with centers Oi, Oz, Os which subtend the arcs 
0203,0,03,0201, respectively, cover the surface of area S and twice more 


2 
the surface of triangle O1 0203 (which is mcs On the other hand, the area of 


these three circular sectors equals the area of a semicircle, which is d Hence 


ЕРТЕ r*/3 
poses 
therefore 
Sa 256 . 


(Dorin Andrica, Revista Matematică Timişoara (RMT), No. 21978), pp. 50, 
Problem 3522) 
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35. The parallel BD through C meets AB at point E. By Stewart’s formula, we 
obtain 
AC?. BE + CET AB- CB? . AE = AB. BE- AE 


Because CE — BD and BE — CD, we deduce 
AC? .CD + ВІ? - AB – BC? . (AB + CD) AB. CD. (AB + CD) (1) 
D C 


A B E 
Drawing the parallel to AC through D and using similar computations yields 
BD? - CD + AC? - AB - AD? -(AB + CD) = AB -CD - (AB +CD) (2) 
Subtracting the relation (2) from (1) gives 
(AC? — BD*)(AB — CD) = (AD? — ВС?)(АВ + CD), 


as desired. 
(Dorin Andrica, Gazeta Matematicá (GM-B), No. 9(1977), Problem 6852; Revista 
Matematicá Timigoara (RMT), No. 1-2(1980), pp. 64, Problem 4119) 


36. Let I be the intersection point of the diagonals AC and BD. Since 
AB AC AB. BD 

AB +CD * AB+CD 

the condition in the statement becomes 


IA? + IB? = АВ?. 


ІА = 


Hence ATB = 90°, as desired. 
(Dorin Andrica, Revista Matematică Timişoara (RMT), No. 2(1978), pp. 59, 
Problem 3524) 


37. Let ABCD be the trapezoid. Point J is the intersection of diagonals and 
M,N are the midpoints of AB and DC. In a right triangle the length of the median 
corresponding to the hypothenuse is half of lenght of the the hypothenuse. Hence 

CD 


AB 
ІМ = =- апа 8 
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DF N C 


Б 


А М Е В 


а AB 4 CD 
IM IN = — = EF, 


which is the length of the midline and hence the length of the altitude. It follows that 
IM and IN are also altitudes in triangles JAB and ICD therefore JAB and ICD 
are isosceles. Thus ABCD is isosceles, as claimed. 

(Titu Andreescu, Revista Matematicá Timigoara (RMT), No. 1(1978), pp. 48, 
Problem 2817) 


38. From the Law of Cosines we deduce that 


2AB - AC cos ВАС = AB? — BC? + AC? (1) 
2DC - AC cos DCA = СР? — AD? + АС? (2) 
2AB - DBcos DBA = AB? — AD? + DB? (3) 
2DC - DB cos CDB = CD? — ВС? + DB? (4) 


Note that 
BAC =DCA, DBA=CDB, 
so dividing relations (1) and (2), (3) and (4) yields 
AB? — BC? + AC? АВ? – AD? + DB? АВ 
CD? – AD? + AC? CD? - BC? DBT DO’ 
as desired. 
(Dorin Andrica) 


39. Let a, ö the lengths of the bases, c,d be the lengths of the nonparallel sides 
and di, da be the lengths of the diagonals. From Euler’s theorem for quadrilaterals, it 
follows that 

di +4 + (a - b? = а? +0 + c +4. 
Непсе 


(d, — da)? + 24,4 = (c — d)? + 2(ab + cd), 
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and dı — dz = c — d implies di da = ab + cd. 

From Ptolemy's Theorem, we deduce that the trapezoid is cyclic and so isosceles, 
as claimed. 

(Titu Andreescu, Revista Matematicá Timigoara (RMT), No. 1(1978), pp. 48, 
Problem 2817) 


40. First solution. Assume the opposite. Then |AC — BD| > |AB — CD| or 
[АС — BD| > |AD — BC|. Without loss of generality, AC — BD| > |AB ~ CD], 
otherwise switch B and D. We have 


AC? — 2AC - BD + BD? > AB? -2AB- CD + CD? (1) 
and, from Euler's relation, 
AB? + BC? + CD? + AD? = AC? + BD? + AMN?, (2) 


where M and N are the midpoints of AC and BD, respectively. 
From (1) and (2), 


AD? + BC? 240 - BD > AMN? -2AB - CD. (3) 


Let P be the midpoint of AB. Then NP = AD/2, MP = BC/2 and since 
MN > |NP — MP), it follows that 


4M N? > (AD — BC}. (4) 


From (3) and (4), -2AC - BD > -2АВ.Ср — 2AD - BC, in contradiction with 
Ptolemy's Theorem. We are done. 

Note. The cyclicity is essential. The inequality fails if ABCD is a parallelogram. 

Second solution. Let E be the intersection of AC and BD. Then the triangles 
ABE and DCE are similar, so if we let z = AE, y = BE, z = AB, then there exists 
k such that kr = DE, ky = CE, kz = CD. Now 


|AB - CD| = |k — 1|z 


and 
|AC - BD| = |(kz + y) — (ky + z)) = |k — 1]: |e — yl. 

Since |= — y| € z by the triangle inequality, we conclude that AB — CDI > 
[АС — BD|, and similarly |BC — DA| > |AC — ВР |. These two inequalities imply the 
desired result. 

Third solution. Let 2a, 2, 2, 2 be the measures of the arcs subtended by 
AB, BC, CD, DA, respectively, and take the radius of the circumcircle of ABCD 
to be 1. Assume without loss of generality that 8 < 5. Then a + B + y -- ó = т, and 
(by the Extended Law of Sines) 
а=] а+7 


|АВ — CD| = 2| sina ein = |sin — ; 


3.2. SOLUTIONS 123 


and 


[АС - В| = 2|sin(a + A) — sin(8 + 4)| = 


LU-TY а+ ү 
зіп 2 cos ( 2 +в). 


Since 0 < (a + 7)/2 < (a + 7)/2 + 8 < т/2 (by the assumption В < ô) and the 
cosine function is nonnegative and decreasing on [0, 7/2], we conclude that |AB — 
CD| > АС — BD|, and similarly |AD - ВС| > |AC — BD}. 

(Titu Andreescu, USA Mathematical Olympiad, 1999) 


41. Let E be the intersection point of the diagonals. Consider AD « BC the 
basis of the trapezoid and AB the altitude. Since 


AB? = AD - BC, 


so the right triangles ABC and ABD are similar. 
On the other hand we have 


hence 
ABD +CAB = 90° 


It follows that AEB = 90° so the diagonals are perpendicular, as claimed. 
(Titu Andreescu, Revista Matematică Timigoara (RMT), No. 2(1972), pp. 28, 
Problem 1164) 


42. Let I be the intersection point of the diagonals AF and BE of the rectangle 
ABFE. Notice that NJ is the median of the right triangle ANF with hypothenuse 
AF, so 


Likewise, 


IM = PE _ в, Q=% ir IP= ŽE = 1B. 


Since ГА = IE = IF = IB, it follows that IM = IN = IP = IQ. Hence MNPQ 
is cyclic, as desired. 
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(Titu Andreescu) 


43. By Sturm's theorem, we know that if 0 < a; < a? < as < a4 < a1 + a2 + аз, 
then there is a cyclic quadrilateral having side lengths ai, qa, as, a4. 

Denote by a,b, c, d, e, f, m the lengths of the segments AB, BC, CD, DA, AC, 
BD, MN, respectively. Without loss of generality assume that b+ d > a + c. 

Let P be the midpoint of the side BC. The segments M P and NP are midlines 
in triangles CAB and BDC, so 
1 
2 


МР= a and NP = zc. 


2m=2MN <2MP+2NP=a+ec 


2m « a - c € b 4 d. 
On the other hand, if O is the intersection point of the diagonals, we have 


b+d=BC+DA< ВО OC + рО + ОА = АС + BD—e« f, 


hence 2m <a+c<b+d<e+f. 
It suffices to prove that e + f < 2m +a +c +b + d. Note that 


e<c+d, f<b+c, e<a+b, f<atd 
Summing up these inequalities yields 
e+f<a+b+c+d<a+b+c+d+2m 


and the proof is complete. 
(Titu Andreescu, Revista Matematică Timişoara (RMT), No. 1(1978), pp. 66, 
Problem 3288; Gazeta Matematică (GM-B), No. 10(1981), pp. 402, Problem C148) 
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44. Let I be the intersection point of lines BD and AF. The parallel to BD 
through C meets line AF at point T. First we consider AF 1 BD and prove that 
AB LCD. 


F 


i) Assume that D lies on the segment CE. Then ATC = 90°. Since BAC = BDC, 


we obtain 
FAE = BDE. (1) 
On the other hand CT'||BD so 
BDE = ECT. (2) 
Relations (1) and (2) imply FIE = ECT, therefore ЕАТС is cyclic. 
It follows that BEC = 90°, hence AB 1 CD, as desired. 
ii) Assume that C lies on the segment DE. In the right triangle CTF, TE is the 


median, so 
ETC = ECT. (3) 
Because CT||B.D, we have 
ECT = СРВ. (4) 
Also, 
CDB = BAC (5) 


so from (3), (4), (5), we obtain ETC = BAC. Hence ATEC is cyclic, then AEC = 
ATC = 90°, and AB 1 CD, as desired. 

Conversely, consider that AB 1 CD. 

i) If D is on the segment CE, then AFE = ACE. On the other hand ACE = 
ACD = ABD, so AFE = ABD, and ЕВГЕ is cyclic. It follows that BIF = BEF = 
90°, hence BD 1 AF, as desired. 

ii) If C is on the segment DE, then 


AFE = ACE. (6) 
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Moreover, ACD = ABD, so 


— — 


ACE = ABI. (7) 


From (6) and (7) we obtain AFE = ABI, hence FEBI is cyclic. Note that 
BEF = 9°, so БІР = 90° and BD 1 AF, as desired. 

(Titu Andreescu, Revista Matematică Timigoara (RMT), No. 1(1986), pp. 106, 
Problem С6:4) 


45. Let a,b,c,d be the side lengths of the quadrilateral and let S be its area. 
Because the quadrilateral is cyclic, we have 


S? = (p — a)(p - b)(» - c)(p — d). (1) 


Numbers a, b,c, d are odd, hence 

_a+b+cr+d 
E 2 

is an integer. 


If p is odd, then p — a, p — b, p — c, p — d are even and so s? is divisible by 16, 
which is false. Hence p is even. 
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Without loss of generality assume that a € b € c < d. Since S is a prime number, 

from relation (1) we obtain 
p-d-2p-c-landp-a-p-b-S. 

Summing up these equalities yields 4p—2p = 2-- 25 so p= 5+1. Hencea =b = 1 
апі с= d = S. 

The required quadrilaterals are either rectangles or kites. 

(Titu Andreescu, Revista Matematică Timişoara (RMT), No. 2(1977), pp. 66, 
Problem 3067) 


46. From the AM-GM inequality it follows that 
2720 e 


4 4? 


abed < ( 4 


Hence 
16abcd < p*, 
or 
8(ac + bd)? — p* < 8(а?‹? + i^ d?). 
The desired inequality is now obtained from Ptolemy's Theorem: 
ac -- bd = ef. 
(Titu Andreescu, Revista Matematică Timigoara (RMT), No. 3(1973), pp. 36, 
Problem 1811; Gazeta Matematică (GM-B), No. 8(1980), pp. 364, Problem 18370) 
4T. Let m be the length of the segment determined by the midpoints of the 
diagonals. 
From Euler's Theorem for quadrilaterals we have 


а? +b? ко +d? =e? f? + Ат? (1) 
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and from Ptolemy’s Theorem, 
ac + bd = еј. (2) 
From relations (1) and (2) we obtain 
(a — с)? + (b - d? = (e — f} + Am?. 
Since max{|a — c], |b — dl) < 1, then 
2=1+12>(a—c)? (- dj = (е — f)’ + Am* > (е – f)*. 
Hence 
le — f| < v2, 


as desired. 
(Titu Andreescu, Revista Matematică Timigoara (RMT), No. 2(1978), pp. 51, 
Problem 3527) 


48. The quadrilateral is cyclic so 


= v (p - a)(p — b)(p - c)(p — d) 


Since S — (D). we have 
Vb = === 
_ (р-а) +(р-) + (p—c) + (p- a) 
4 


Note that this is the equality case in the AM-GM inequality, hence p—a = p—b = 
p— c= p d. It follows that a = b = с = d, so the quadrilateral is a square. 

(Titu Andreescu, Revista Matematicá Timigoara (RMT), No. 1(1977), pp. 24, 
Problem 2136) 


49. Observe that Spas - Spcp = Spec · Sppa, since both are equal to ІРА. 
PB -PC -PD -sin P. The numbers Spas, Spcp and Spgc,Sppa have the наа sum 
and the same product, thus SpAg = $рвс and Spcp = Ѕрра or SpAg = SppA and 
5рвс = Spcp, i.e. P is the midpoint of AC or BD, as desired. 

(Titu Andreescu, Korean Mathematics Competitions, 2001) 


50. (i) Let M' and M" be the projections of point M onto diagonals AC and 
BD. 
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We recall the Simpson’s theorem: the projections of a point of the circumcircle of 
a triangle onto the sides of the triangle are collinear. Applying this result to triangles 
ABC and DAC yields that A“, М', В! are collinear and С", M., D' are collinear. 

Hence the lines A' B', C'D' and AC meet at М”, as claimed. 

(ii) From Simpson's Theorem for triangles ABD and BDC we deduce that M" 
is on the lines B'C' and D' A’. Since M" is a point of AC, the conclusion follows. 

(Dorin Andrica, Revista Matematică Timigoara (RMT), No. 1(1979), pp. 54, 
Problem 3855; Romanian Regional Mathematical Contest "Grigore Moisil", 1995) 


51. We have 1 
SAD € 24€ BD, 
with equality if and only if AC L BD. Since 


2002 = Sasco < 240 вр < 


< (AP + PC): (BP + PD) = — = 2002, 
it follows that the diagonals AC and BD are perpendicular and intersect at P. Thus, 
АВ = /24 + 327 = 40, ВС = /28? + 322 = 44/113, CD = /28? + 452 = 53, and 


DA = V45? + 24? = 51. The perimeter of ABC D is therefore 
144 + 4/113 = 4(36 + 113). 
( Titu Andreescu, American Mathematics Contest 12 (AMC 12- Contest B), 2002, 
Problem 24) 
52. Let a be the side length of the square ABC D. Assume without loss of gener- 
ality that max(PA, РС) = РА. We have 
V2PA = PB + PD. 
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Then a/2PA = aPB + aPD, hence 
BD-PA=AD-PB+AB-PD. 


From the converse of the Ptolemy’s Theorem it follows that PDAB is a cyclic 
quadrilateral, therefore P lies on the circumcircle of square АВС D. 
Conversely, using the Ptolemy’s Theorem we deduce that any point of the cir- 
cumcircle of square ABC D has the given property. 
P 


It follows that the locus of point P is the circumcircle of square ABCD. 

Alternative solution. Let P(z,y) be a point with the given property and assume 
y > 0. Point A, B, C, D are considered like in the diagram. 

Note that PC > PA, so 


V2PC = PB + PD 
Squaring both sides yields 
212 + 2(y + b? = (z — b)? + (т +b)? + 2y? + 2 /(z — by + y? + 2 /(z +b) + , 


then 


2by = I — by! + y? + (z +b)? + у, 


һепсе 
(x? + y? + b? — 2bz)(z? + y? + b? + 2bz) = 45%. 
It follows that 
(22 + y? + b) — 46222 = 4b7y?, 
80 
(z? +y? — 2)? =0. 
Thus 


1 +y = 0 
and so point Р lies on the semicircle of diameter BD that contains А. Likewise, for 
у < 0 we deduce that Р lies on the semicircle of diameter BD that contains С and 
finally we obtain the circumcircle of square ABCD. 
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(Titu Andreescu, Romanian IMO Selection Test, 1981; Revista Matematică 
Timigoara (RMT), No. 2(1981), pp. 87, Problem 4751) 


53. Let ABCD be a quadrilateral from the set P and let M, N, P, Q be the 
midpoints of sides AB, CD, BC, AD, respectively. 
The Euler's relation for the parallelogram MN PQ is 


MP? + PN? + NQ? + ОМ? = MN? + PQ’, 


or 
2(MQ? + МР?) = MN? + PQ’. 
C 
N 
D 
P 
Q 
A M B 
On the other hand, we have 
DB AC 
ci kote Та ы Е 
80 


— = MN? + PQP. 
8 AC? + BD? 
X) 1% = —T—, 
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which is, clearly, a constant. 


(Dorin Andrica) 
54. From the law of cosines we ST 
5r 
AB = 2Rsin 15 and AF = 2 sin iz 
The first equality is equivalent to 
T 5r 
sin 12 ^ sin 12 em 
N 2 *. — 
sin 12 12 
or Ра 
А „ш 
1 = 4sin 12 sin 12` 
Furthermore, 
т 
1 = 4сов үл n1 or 1 = 2sin = 
which is clear. 
For the second equality, we have 
— AR? sin? 12 237 
— AR? sin 3 = 4R? sin 12° 
АЕ? = 4R? sin? * AF? = 4R? sin? 12 
It reduces to 
27 Зт 4т 5r 5 
x 2 2 2927 2 2 ә 
sin? 13 tain? 12 + sin? 12 + sin? 13 + sin 2^7 
which is also clear. 


(Titu Andreescu, Revista Matematică Timişoara (RMT), No. 6(1971), pp. 27, 
Problem 821) 


55. Let А, А»... A, be the given polygon and let S be the area of A; Аз... As. 
There is a point M inside the polygon such that 


n 
у МА} = 25. 
k=1 
We write 2 
S - F UTER Аль = Ai. 
k=l 
Hence 
"+ MAM Аку sin AM Agar 12 
kal k=1 
ai n 
2 - 8 
S42 (MAL + МА) = 5 LN 
k=l 2 
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In order to have equality everywhere we must have 
sin Ay M Акы = 1 and MA, = MAgai, k = 1, 2,...,2. 


It follows that M is the circumcenter of a cyclic polygon and all sides subtent 
arcs of 90°. That is the polygon is a square, as desired. 

(Titu Andreescu, Revista Matematică Timigoara (RMT), No. 2(1978), pp. 50, 
Problem 3528) 


56. In a triangle ABC with the altitude AA’ and the circumradius R the following 

equality holds: 
AB-AC = 2R- AA’. (1) 

Let R be the circumradius of the polygon A; Az... An and let N, Px, . P be 
the projections of a point Р on the circumcircle onto the sides A; Аз, Аз Аз,..., An A1, 
respectively. 

Applying (1) for triangles PA;A;,1, where Any; = Aj, yields 

PA,-PA4, =2R. PN, ¢=1,2,...,n. 


Hence 
n 2 
П РА = PR” 
F 


which is a constant, as claimed. 
(Dorin Andrica, Revista Matematică Timişoara (RMT), No. 1-2(1980), рр. 65, 
Problem 4123) 


57. Applying relation (1) from the previous problem to triangles МА, Аз, 
M Аз Ах, МААв,..., M Agn—1 Aan, we obtain 
MA, : M Aa = 2R. MK, M Aa » MA, —2R- MKs,..., 


Multiplying these equalities yields 
MA, МАз...МА 
MK, - MKs...MKay—1 = MM, (2) 
For the triangles 
МА» Аз, MAgAs,...,MAan—2Aan—1, МАА 
relation (1) yields 


МА». МАз = 2R- МК, MA. MA, =2R-MK,,..., 


МА» 4 M Азх-1\ — 2R . M Aan-3, M Aon . MA, = 2R 4 MK», 
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Multiplying these equalities gives 
MAI МА»... M Aan 


2585 (9 


MK- МК;...МК» = 


Similarly, we obtain 
MA,-MAz2-MAan 
2n R^ 
by applying relation (1) to triangles МА, As 41, MAZ A, . MAnAan- 
From equalities (2), (3) and (4) we draw the conclusion. 
(Dorin Andrica, Revista Matematicá Timigoara (RMT), No. 2(1981), pp. 68, 
Problem 4622) 


МН, - AT Ha IH = (4) 


58. Let z and y be the measures of the arcs subtended by the sides a and b, 
respectively. We have 
nz + пу = 2x, 


or 


т+у=— 
Let R be the circumradius of the polygon. Then 
е 4 Wm s 
) 
W 
n 
ЖЕТЕР, C utat ЖИЫ 37 ОА 1 
sin = sin (7 7) = sin = cos 5 cos ein > = от, 
hence Я 
ia en: = 0 Les en 
sin = сов 5 ag + 009,92 
Squaring boths sides yields 
TIS NL ELA 3 
sin cos’ 5 = тру + ?3g С08 sin 5 + сов? = sin 5 
or p 
ia? © (1 2 2 0 ain S + c 2 € 
sin = (1 sin 7 im + 298 908 ain 5 + 006 2m 2' 


sin? ^ (4R? — a?) = b? + 2ab cos ~ + a? cos? E. 
n n n 


R= — V + 2abcos = + 22. 
261 . n 


Therefore 


(Dorin Andrica) 
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59. We have from the Cauchy-Schwarz Inequality that 


Ei) (Ges) (Ж 


for any positive numbers aj, bi, i = 1,2,...,n. 
Setting n — 4, 
а = Sgcp, a2 = ScpA, 
аз = SpaB, 94 = SABC, 
b = PA, bz = PB, 
bs = PCi, b,— PD, 
yields 
vy 5вср >$, 


PA 
where V is the volume of the tetrahedron. Then 


5вср > s = 5? 2S8 
PA | on r 
as desired. 
The equality occurs if and only if 
үк = avais 


for i = 1,2,3,4 hence b; = , = 1,2,3,4. Then 
РА; = PB, = PC; = PD, 


so P is the incenter of tetrahedron ABCD. 


Remark. The inequality holds for convex polyhedra circumscribed about a sphere. 


(Titu Andreescu, Romanian IMO Selection Test, 
Timigoara (RMT), No. 1(1982), pp. 82, Problem 4910) 


1982; Revista Matematica 


60. All summations here range from i = 1 to i = 4. Let О be the circumcenter and 
R be the circumradius of A; А». Аз Аа. By the Power-of-a-point Theorem, СА; СА = 
В? — OG?, for 1 € i € 4. Hence the desired inequalities are equivalent to 


(R? - 0G")? > GA: - GA - GAs - 


GA, (1) 


(R- 06") Y^ gg > CG. 


Now (1) follows immediately from 
4(R? - 0G?) = Y GA? 


(3) 
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by the Arithmetic-Geometric-Mean Inequality. To prove (3), let P denote the vector 
from O to the point P. Then 
LA = 5° G? + УС - A)? + 2G Y (G - A). (4) 
This is equivalent to (3), since the last term of (4) vanishes. By Cauchy-Schwarz 
Inequality, 


EGA > (LCA) mà DCAD ay 216, 


1 1 1 2 1 

12.64 у, е (XA) 2 с A. 
Hence (2) also follows from (3). 
(Tuu Andreescu, IMO 1995 Shortlist) 


Chapter 4 
TRIGONOMETRY 


PROBLEMS 


1. Prove that А 
сщ? + otg? + cg. = 
2. Prove that 
cog! E + cost 3 соё 3t „7 : 
for all z € R. 


3. Evaluate the sum 
n—1 


S. = » sin kz cos(n — k)z. 
k=1 


4. Evaluate the sums 
Sı = sin x cos 2y + sin 22 cos 3y + --- + sin(n - 1)zcosny, 


S2 = cosz зіп 2y + cos 2z sin Зу + --- + cos(n — 1)zsin ny. 


5. Evaluate the products 
1) P, = (1 — tg1°)(1 — tg2°)... (1 — tg89?); 
2) Pa = (1 + tg1°)(1 + tg2°)... (1+ tg44°). 


6. Prove that 
(4cos? 9° — 3)(4 соз? 27° — 3) = tan 9°. 


T. Let æ be a real number such that вест — tan z = 2. Evaluate sec т + tan z. 
8. Evaluate the product 
ry lo tg?2*z 
P, = [| ; 
2a tg?2hz)? 
т 
where |x| < Эп+1` 
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9. Let a, b, c, d, z be real numbers such that х # Кт, k € Z and 


Prove that 2a°(2b? — d?) = b* (3a — c). 


10. Let a, b, c,d € [0,7] such that 
2cosa + 6cosb + 7 cosc + 9cosd = 0 


and 
2sina — 6sinb+ 7sinc — 9sind = 0. 


Prove that 3 cos(a + d) = 7 cos(b + c). 


11. Prove that if 
arccosa + arccos b + arccosc = т, 


then 


abVI- c? + be 1-— a? + ca 1— 2 = V(1— а2)(1 - 82)(1 — c?) 
12. Let a,b,c be positive real numbers such that 


ab + bc + ca = 1. 


Prove that i : " 
tg ctg- + arctg- = 7. 
vc tan 85 * Ez т 


13. Let г and у be real numbers from the interval (o, z) such that 
cos? (х — у) = sin 22 sin 2y 


Prove that т +y = 


. 


оа 


14. Consider the numbers a, f," € (o. 4 such that 


20 - tga)(1 – tgB)(1 - tgy) = 1 - (tga + tgb + tgy). 


Prove that a+B +7 = 


15. Let a, b € (0,5). Р 


cxi ^ (== : zx 
sinb sar) 5 


if and only if a — b. 
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16. Prove that 
sin?a cos’ a 
sin b cos b 


2 sec(a — b) 
for all 0 < a,b < 7. 
17. Let a, B be real numbers with 8 > 1. Prove that 
(1+ 2sin? a? + (1 + 2cos* a)? > 28+! 
for all a € R. 


18. Let z be a real number, z € [—1, 1]. Prove that 


1 
S +(1-27)" 81 
for all positive integers n. 
19. Prove that 
sec?" т + cosec?"2 > 2°+! 
for all integers n > 0 and for all z € (0, =). 
20. Prove that 


(1 + sinz)(1-- cosz) < з + м2 
for all real numbers =. 
21. Find the maximal value of the expression 
E = sin ту cos 2 + sin £3 cos rg + ---+sinz, cos 1, 


when æI, cz, . Tn are real numbers. 
22. Find the extreme values of the function f : R + R, 


f(z) = acos2z + bcos z + с, 
where a, b, с are real numbers and a,b > 0. 


23. Let do, a1, . . , an be numbers from the interval (0, x / 2) such that 
т т т 
tan (ao — 4) +tan (a 4) tan 4 — 4) 2n-1. 

Prove that 
tan ao tan ai tan a > n. 

24. Find the period of the function 
f(z) cos pæ + cos qr, SR 

if p,q are positive integers. 
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a2 —5 
2(an + 2) 


2137 
an = cot ( 3 )-2 


25. Let ag = у? + V3 + V6 and let anti = for n > 0. Prove that 


for all n. 
26. Let n be an odd positive integer. Solve the equation 


cosnz = 2"^! co. 


27. Solve the equation 
Asin? т + Bsin2z + C = 0, 
where A, B,C are real parameters. 
28. Solve the equation 


sin 2 cos y + sin y cos z + sinz cos = 


wl a 


29. Prove that the equation 


sin æ sin 2z sin 3z sin 4z = 


[3E 


has no real solutions. 


30. Solve the system of equations 


2sinz + 3cosy = 3 
3sin y + 2cosz = 4. 


31. Solve the system of equations 
2 
zsiny + VI cos уз 
T 
т+у= c 
32. Solve the system of equations 
3r 
t+ytz= T 
tgz +tgy +tgz=5 
tgr tgy tgz = 1. 
33. Prove that in any triangle 


acos A + bcos В +ccosC = 


Сн 
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34. Prove that in any triangle 


4 Hu A B С A 
2 ain — ain — = — — — in? —. 
у ) сов? J sin 2 sin = cos > cos > cos J У ein- 2 


35. Let n be a positive integer. Prove that in any triangle 
Dein na sin nB sinnC = (-1)"** + cosnAcosnB cosnC 


and 
cos na cos nB sin n = sin nA sin nB sin nC. 


36. Consider a triangle ABC such that 
sin Asin B + sin B sin C + sin O sin A = À 


and 
(1 + sin A)(1 + sin B)(1 + sin C) = 2(А + 1) 


Prove that triangle ABC has a right angle. 


37. Let А > 1 be a real number and let ABC be a triangle such that 
a^ cos B + bò cos A = с^ 


and 
a?^-! cos B + b?^-! cos A = c?^71, 


Prove that the triangle is isosceles. 


38. Prove that the triangle ABC is equilateral if and only if 


187 tz 4 189 = 1500 +b? +c’). 


39. Let ABC be a triangle such that 
sin? В + sin? C = 1+ 2sin B sin C cos A. 
Prove that triangle ABC has a right angle. 


40. Let ABC be a triangle such that 


) 2 * E set C. = вгу? 
aoi "s: 2) (ir 
where s and r denote its semiperimeter and its inradius, respectively. Prove that 


triangle ABC is similar to a triangle T whose side lengths are all positive integers 
with no common divisor and determine these integers. 
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41. Prove that in any triangle 


Dann 4 cos 2 cos £ < 2 
2 2 uer ie 


42. Prove that in any triangle 


43. Prove that in any triangle 
cos A R cos B " cos C 81 
a3 b с 5 16р3` 


44. Prove that in апу triangle 


A B C 
sec? sec?— sec? — 
"Xo rl. 2 LA 
bc ca ab = р 
45. Prove that іп any triangle 
P > 3/5. 


48. Let ABC be a triangle. Prove that 


i 3A | i CCC 
"mE UC 3^? 2 2 8 


47. Find the number of ordered pairs (a, b) such that (a bi) = a—bi, a,b € R. 


48. Find 
Im 
En Im®z 


and the values of z for which the minimum is reached. 


49. Let 21, 22,.--, Zan be complex numbers such that [21| = |z2| = --- = |zan| and 


arg 21 € arg 22 . < arg Zan < т. Prove that 


[а + zan| < [22 + 2an-1| S . S lën + znal- 


50. For all positive integers k define 
Ay = {2 EC Il = 1). 
Prove that for any integers m and n with 0 < m < n we have 
A; ОА: UA, C An m1 UA О ‘О An. 


4.1. PROBLEMS 145 


51. Let 21, 22, 23 be complex numbers, not all real, such that |z1| = |z2| = |zs| = 1 
and 2(21 + 25 + 23) — 3212223 Є R. 
Prove that 


ТЕ 


max(arg 21, arg 22, arg z3) > 


52. Let n be an even positive integer such that is odd and eo, €1,---,€n—1 the 
complex roots of unity of order n. Prove that 


n=l 


П + bef) = (a? +07)? 
k=0 
for any complex numbers a and b. 


53. Let n be an odd positive integer and €9,€1,...,€n—1 the complex roots of 
unity of order n. Prove that 
n=] 
П + bek) = a" +" 
k=0 
for all complex numbers a and b. 


54. Let 21,22,23 be distinct complex numbers such that |21| = |z2| = |zs| = т. 
Prove that 
62 ee 
la — 221, — 231 [2 - 21122 — 23] |2 — alles - zal 1 


55. Let 21,22,23 be distinct complex numbers such that |zi| = |z2| = |zs| = r 
and 22 £ 23. 
Prove that 
. bei - zoll — zal 
min |а2» + (1 — a)zs 211 2r А 
56. If z із a complex number satisfying |z? + 27| < 2, the inequality show that 
[2+ 27| <2. 


57. The pair (21,22) of nonzero complex numbers has the following property: 
there is a real number a € [—2, 2] such that z? — az, z2 + 22 = 0. Prove that all pairs 
(22,22), n = 2,3,..., have the same property. 


58. Let A, Аз... An be a regular polygon with the circumradius equal to 1. Find 
п 
the maximum value of max II РА; when P describes the circumcircle. 


m 
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59. Let n be an odd positive integer and let ai, qa, . ., an be numbers from the 
interval IO, я]. 
Prove that 
> cos(a; — a) z Br x 
1<#<ј<п 


60. Let n be а positive integer. Find the real numbers ag and аы, k,l = 1,n, 


k > l, such that 
sin? nz 
sin? т 


for all real numbers z # тт, m € Z. 


=ao+ Y^ ar cos 20 — = 
Sign 


SOLUTIONS 


1. We prove that 
- n(2n — 1) 
2 = 1 
> со? 2 5 (1) 

for all integers n > 0. 

Consider the equation 

sin(2n + 1)z = 0, 
with roots 
т 2x nm 


2n -1'2n-1' "2n 4l 
Expressing sin(2n + 1)z in terms of зіп æ and cos æ, we obtain 


sin(2n + 1)z = [er ) cos?" zsinz — [s T) cost ? sin? & 


= sin?^*! т (m ў cot?” т — ‘ey ) cot?^7? g+. ) 


522. k =1,2,...,n. Since sin?^*! z Æ O, we have 


(= ) cot n 2 — (7 ) cot - ... = 0. 


Substituting y = cot? т yields 


GA 07 — „ 


Set z = 


2т 
2 2 2 E 
with roots cot IC cot Zu EI cot ALI . Using the relation between coef 
ficients and roots, we obtain 
‘ere. 
Кт 3 n(2n — 1) 
у cot? . = 4 = SO. 
d 2n +1 Ep 3 


Setting n = 3, the desired conclusion follows. 
(Dorin Andrica, Revista Matematică Timişoara (RMT), No. 1-2(1979), pp. 51, 
Problem 3831) 
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2. Applying the identity 

t 
3° 
for t = , t = т + 27, = т + 4т and summing up the three relations, we obtain 


3cosz — 4 ( 5 + cos? — + сов? — — 


cost = 4cos! 5 — Зов te R 


—3 (en 60) 
On the other hand, 
cos 2 ote PEPE Тышы MEC. ia eg Ж = 
3 3 3 6 6 3 
Е (2cos J +1) cos? +" =0 
and the desired identity follows. 


(Dorin Andrica, Revista Matematicá Timigoara (RMT), No. 2(1975), pp. 44, 
Problem 2124) 


3. We have 
2S, = 5, +S, = 


= віп zcos(n — 1)z + sin 22 cos(n — 2)z +--+ + sin(n — 1)z созх+ 
+sin(n — 1)z cos + sin(n — 2)z cos2z +--+ + cos(n — I) sin = 


= sinnz + sin nz + -+-+ sinnz = (n – 1)sinnz, 


n—1 
Sn = 2 


(Dorin Andrica, Gazeta Matematică (GM-B), No. 8(1977), pp. 324, Problem 
16803; Revista Matematicá Timigoara (RMT), No. 2(1978), pp. 30, Problem 3055) 


sin пт. 


4. Note that 
Sı + S3 = sin(z + 2y) + sin(2z + Зу) + --- + sin[(n — 1)z + ny] 
and 
S2 — Sı = sin(2y — т) + sin(3y — 22) + --- + sin[ny — (n — 1)z]. 
Setting 
z+y=h and у-т = h 
yields 
Sı + S2 = sin(y + hi) +sin(y 2 +--+ + sin(y + (n – 1)5) = 
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„ nh hi 
sin ™ sin [у + (п - 95. 


— $ 
sin — 
2 


55 — S, = sin(y + hz) + sin(y + 2h2) + ---+sin(y + (n — 1)h2) = 


sin m sin ha (n - р/а 


en 
Hence 
„ hi. hi „ nha ha 
sin n am V 
NE sin №. 2 sin — 
2 2 
and 
sin ain [у + - 07 sin sn [y - 07] 
1 2 2 1 2 2 
5: = = ＋ 2 à 
: an * sin > 
2 2 


(Dorin Andrica, Revista Matematică Timigoara (RMT), No. 2(1977), pp. 65, 
Problem 3056) 


5. We have P, = 0 because of the factor 1 — tan 45° = 0. 
On the other hand we have 


Bw (cos 1° ＋ sin 15)... (cos 44 + зіп 44°) — 
x cos 15. cos 44? 15 


(Fer- Ear) es (Pous ue) 


2 2 
— . ͤ—— т a ͤ —— — — 
(2) cos 1° ..,с0844° 


_ sin46°...sin89° / „2 
cos 1°...cos 44° (v2) = 
(Titu Andreescu) 


6. We have cos3z = 4cos!z — 3cosz, so 4cos? r — 3 = sete for all z # 
(2k + 1) - 90, k € Z. Thus 
27° cos81?  cos81?  sin9? 
4 cos? 9? — . 
(сое? 9° - (4 27° — 3) = S ` coar = coed” = cong , 
as desired. 


(Titu Andreescu) 
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T. From the identity 1 + tan? т = sec? z it follows that 
1 = sec? z — tan? т = (secz — tan z)(secz + tan 2) = 2(secz + tanz), 
so вес + tans = 0.5. 


(Titu Andreescu, American High School Mathematics Examination, 1999, Prob- 
lem 15) 


8. Since 
l-tan?2'z _  cos?2*z 
(1—tan?2*z)? 08 2771 


Y , 
for all |z| < 2572 it follows that 


р. TT cote cos? 2z 
ae cos? 24 TIR ^ cos22ntlg 
=1 

(Dorin Andrica) 

а sing  sin2z  sin3z sin 4 
—— = №, 
a b c d 

Then 


sin? 4z = 2sin? 2z(1 — sin? 22). 
Because sin? 42 = 2sin? 2z(1 — sin? 22), we obtain 
Ф = 2b7(1 — 22). (1) 
On the other hand, sin 3z = Ac, sins = Аа, and since 
sin 3z = sin z(3 — 4sin? т), 
we have 
с = a(3 - 47a"). (2) 
Eliminating A from the relations (1) and (2) yields 
20 (25 — Ф) = b*(3a — c), 
as desired. 
(Dorin Andrica) 
10. Rewrite the two equalities as 
2sina — 9sind = 6sinb — 7sinc 
2 cos a + 9cosd = —6cosb — 7 cosc. 
By squaring the two relations and adding them up we obtain 
85 + 18cos(a + d) = 85 + 42cos(b + с), 


and the conclusion follows. 
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(Titu Andreescu, Korean Mathematics Competition, 2002) 


11. From the hypothesis it follows that 
sin(arccos a + arccosb + arccos c) = 0. 
Using the identity 
У cos a cos f siny = sin(a + B + т) + sinasin B sin 
and the formulas 
sin(arccosz) VI z? and sin(arcsinz) =z, z € [-1,1], 
we obtains 
ab VI c? + bc l-a? T c- JG — а?)(1 — , e), 

as desired. 


(Titu Andreescu, Revista Matematicá Timigoara (RMT), No. 2(1977), pp. 64, 
Problem 3054) 


12. The identity 
т+у+2—©у# 
Pr Дак ашы. „ҮЧҮ 
arctgz + агс у + arctgz = arctg 1 — LD т 
implies SP : 
be са – 
arctg + агу + arctg? = arctg abcr eno 
Because ab + be + ca = 1, we obtain 
arct, — — m her 
62 85 it 


where k is integer. 
Note that 0 < arctgz « T for all real т > 0, hence 


2 
1 1 1 311 
0 Saretg + arctg, + arctg . < 2 


Therefore k = 1 and 1 1 1 
ес + aretg + мсщ- = л, 
as claimed. 
(Titu Andreescu, Revista Matematică Timişoara (RMT), No. 1(1977), рр. 42, 
Problem 2827) 


13. The given relation is equivalent to 


(cos т cos y + sin zsin y)? = 4sin z sin y cos £ сов y, 


or 
(cos т cos y — sin z sin y)? = 0 
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Hence 
cos*(xz + y) = 0, 
: т Я т : 
and since z, y € (o. 7) we obtain 2 + y = =, as desired. 
(Titu Andreescu, Revista Matematică Timigoara (RMT), No. 1(1977), pp. 42, 
Problem 2826) 
14. Expanding yields 


20 — tana — tan B — tan y tan a tan 8 + tan B tan y+ 
tan tan a- tan atan B tany) = 


= 1 - (tana + tan B + tan y), 
or 


tana + tan + tany — tana tan B tan y = 
= 1 ~ tang tan  — tan g tan y — tan y tan а. 
Since a, 8,7 € (0,5), we have 0<a+B+y<x, hence 


tana tan B + tany tan a tan B tan y. 
From relation (1) we derive 


(1) 


1—tanatan 3 - tan g tan y — tan q tan, a 


zl 
tan a + tan B + {апу — tan a tan B tan y 6 
therefore 


со «+ B + y) = 1. 
Hence a + 8 + у = 7 as desired. 


(Titu Andreescu, Revista Matematică Timigoara (RMT), No. 1(1973), pp. 42, 
Problem 1582) 


15. The relation in the statement is equivalent to 


34 4 
MI 2 sina  cosa| _ 
(sin b + cos“ b) (Sear 6875) 1, 


ог 
cos? b sin? b 
104 
sin‘ а + cos* a + — 75 “a+ capo 4 1 
It follows that 
2 E 
M SN 2 cos*b 4 sin b , 
1 — 2sin* a cos at oy, an a+ ob 008 аж1, 
һепсе 
cosb 2 sinò 
(anz en M" ZEE ) = 
Furthermore, 
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or tan? a = tan? b. 

Because a,b € (o. 5), we obtain а = Б. 

The converse is clear and we are done. 

Alternative solution. From the given relation we deduce that there is a number 
сє (0, 3) such that 


sin? a 
sinb 


= sinc and — E 
cosb 

Hence 
sin? а = sinbsinc and cos*a=cosbcosc. 


It follows that 
1=cos(b—c) and cos2a = cos(b+ c) 


Since a,b,c € (0,5), we have b — c = 0 and 2а = b + c, hence a = b, as desired. 
(Titu Andreescu, Revista Matematicá Timigoara (RMT), No. 1(1977), pp. 41, 
Problem 2825; Gazeta Matematicá (GM-B), No. 11(1977), pp. 452, Problem 16934) 


16. Multiplying the inequality by sin a sin b cos a cosb = cos(a - Б), we obtain 
the equivalent form 
in? 
=s — сов? а (sin a sin b cos a cos b) > 1. 
sinb cosb 
But this follows from Cauchy-Schwarz Inequality, because, according to this in- 
equality, the left-hand side is greater than or equal to (sin? a + cos? a)? = 1. 
(Titu Andreescu) 


17. Using the inequality 


for m > 1 we obtain 


. 2 B 
(1 + 2sin? a? + (1+ 2cos? a)? > 2 (cepe = 28+, 
аз desired. 


(Titu Andreescu, Revista Matematicá Timigoara (RMT), No. 1(1974), рр. 30, 
Problem 1942) 


18. Because z € [—1,1], there is a real number y such that z = sin y. It suffices 
to prove that 


1 > sin?" y + соз?" y > 


2n-1 
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For the left-hand side note that |siny| < 1 and | cosy| < 1, hence 
sin?" y + cos?" y < віп2"—2 y + cog?"7? y < ... < sin? y + cos? y = 1, 


as desired. 
For the right-hand side we use the inequality 


27 +27. (mtm 
8 2 ; 


Hence А 
віп?" у + cos?" y віп? у + сов у\" 1 
2 =з 2 ~ gn 
as claimed. 


з Alternative Solution. By setting u = z^ and v = 1 — 22 the inequality becomes 
2c € u” +u” < 1. Because u,v € [0,1] and u +v = 1, we have u” < u, v" < v, 
implying u” + v" < u +v = 1. Also, by the power mean inequality, 


ger e 
u ＋ v 220 2 ) =2(; = 


(Dorin Andrica) 


19. We have 
sec? т = tan? z + 1 > 2tanz and cosec*z = cot? + 1 > 2cotz 
by the AM-GM inequality. It follows that 
sec?" т + cosec?" z > 2" (tan" т + cot" т). 
Since tan" т + cot" z > 2, we obtain 


sec?" т + cosec?"z > 2, 


as desired. 
Alternative Solution. Using the AM-GM inequality we obtain 
sec?" х + cosec?" z > 2Vsec?" zcosec?nz = — = 
1 
— nn n+l 
a sin” 22 227. 


(Dorin Andrica, Gazeta Matematicá (GM-B), No. 3(1975), pp. 104, Problem 
14900) 


20. We have 
(1+sinz)? +(1+cosz)? _ 
2 
_ 2+ 2(зїп z + cosz) + (sin? z + сов? т) _ 
„7 


(1 + sin 2)(1 + созт) < 
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+ (sing cosa) = $ + V3sin (2 + 7) «5 VÀ, 


bo} co 


as desired. 
Note that equality holds for z = ITA 2kr, where k is integer. 
Alternative Solution. Expanding the left-hand side, we see that 


1 
1+ (sinz + cos) + 5sin2z = 1+ Wein (z+ 4) + 3m 25 < 


818 


(Titu Andreescu, Revista Matematică Timişoara (RMT), No. 21978), pp. 47, 
Problem 3500) 


21. We have E = sin z; cos za + sin za cos £3 + ++- + sin Zp cos 21 < 
sin? x, + cor: sin? zz + cos? 23 sin? £n + cos? zi 
€ MÀ —ö — U——5 — 
2 2 2 
Therefore the maximal value of E is 7 and it is reached, for example, when 


т 
Ш = їз = = рд = —. 


(Dorin Andrica, Revista Matematică Timigoara (RMT), No. 2(1977), рр. 65, 
Problem 3058) 


n 
2 


22. Because a, b > 0, it follows that the maximal value of f is a +b + с. 
Setting y — cosz yields 


f(x) = a(2y? — 1) + by + c = 2ay? + by +c- a. 
r- € [—1,0), then the minimal value of f is 


А _ —2+8а(с-а) 


8a 8a 
If -2 Є (—оо, –1), then the minimal value of f is 
f(-1) = 2a-b+c-a=a-—b+e. 
(Dorin Andrica, Revista Matematică Timigoara (RMT), No. 1(1981), pp. 52, 
Problem 4315) 


23. First Solution. Let b, = tan(a, — 7/4), k = 0,1,...,n. It follows from the 
hypothesis that for each К, —1 < b, < 1 and 


1＋* > L (l-b) (1) 
OS hen 
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Applying the Arithmetic-Geometric-Mean Inequality to the positive numbers 1 — 
b, J = 0, 1. . . „k - 1, x 1,...,n, we obtain 


1/n 
ye a-wza( II a-m) І (2) 


0<1#Е<п 0<14&<п 
From (1) and (2) it follows that 


n 2 1/n 
Ia z (Па - wr) : 
k=0 і=0 
and hence that 


the conclusion follows. 

Second Solution. We first prove a short lemma: 

Let w,z,y,z be real numbers with z + y = w + 2 and |= ~ y| < |w — z|. Then 
wz < ту. 

Proof. Let т + y = w + z = 2L. Then there are non-negative numbers r,s with 
т « s and 

wz = (L — s)(L + 8) < (b — r)(L + r) = zy. 

We now use this lemma to solve the problem. For 0 < k < n, let b = tan(ax— 7/4) 

and let 


Р Ib 
. 
Then —1 < b, < 1 and 
_ {i+ 1+, = 2 
tite = (F) (125) =14 БЕ E (1) 
b; bk 


First note that because —1 < b, < 1 and № + b + . 4 bu > n I, it follows 
that b; +b, > О for all 0 € j,k € n with j # k. Next note that if b; + by > 0 and 
b; # by, then it follows from the lemma applied to (1) that the value of tit can be 
made smaller by replacing b, and b, by two numbers closer together and with the 
same sum. In particular, if b; < 0, then replacing b; and b, by their average reduces 
the problem to the case where b; > 0 for all i. 

We may now successively replace the bi's by their arithmetic mean. As long as 
the b, are not equal, one is greater than the mean and another one is less than the 
mean. We can replace опе of this pair by the arithmetic mean of all the b;'s, and the 
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other by a positive number chosen so that the sum of the pair does not change. Each 
such change decreases the product of the t;'s. It follows that for a given sum of the 
bis, the minimum product is attained when all of the b;'s are equal. In this case we 
have b; > n" droht uw 

n+1 


n-1 n+l 
ares жү” n+l 
toti ...tn > 122-1 = (2) =n " 
n+l 


This completes the proof. 
Third Solution. We present a solution based on calculus. We set 


a = bo + bi +: + ba, 
where —1 < b; < 1, and assume that a > n — 1. We then show that the product 


attains its minimum when all of the bz's are equal, that is, their common value is 
a/ (n + 1). The desired inequality will follow immediately. 

We proceed by induction. The case n — 1 was established in the discussion of (1) 
in the previous solution. For n > 2, set 


n-1 


У =a! -a-b,»n-2. 
k=0 


The last inequality follows from a > n — 1 and b, < 1. Set b = b, and с = а'/л, 
so b+ nc = a. By the induction hypothesis, 


(Tr) N (КЕ) 18 
1L1-5/i-b ^ V1-e) 1-0 


Thus we need to prove that 


l+c\"/1+b n+1+a0\"" 
Gee) ee) eee) E a) 
where the right-hand side is obtained by substituting a/(n + 1) for each bp, k = 


0,1,...,n, in the product. Next, recall that a is fixed, and that b + nc = a. Thus we 
can eliminate b from (1) to obtain the equivalent inequality 


1+c\" /1+a—ne n+1+a\"" 
(Te) (Lerne) 2 (2:322) 2 (2) 
Now bring all terms іп (2) to the left-hand side of the inequality, clear denomi- 


nators, and replace c by z. Let the expression on the left define a function f with 


f(z) = (1 - z)" , a- nz)(n - 1 а)" — (1— z)^(1 a 4- nz)(n + 1-- a). 
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To establish (2) it is sufficient to show that for 0 < т < 1, f(z) attains its 
minimum value at т = a/(n + 1). Towards this end we differentiate to obtain 
f'(z) = n(a (n + 1)z)((1 + z)"^! (n - 1— а)" - (1 — ) (n + iT = 
= n(a — (n + 1)z)g(z), 
where g(x) = (1 + z)^-! (n + 1 а)" — (1— r (n + ah. It is clear that 
T ( ) = 0, so we check the second derivative. We find 


» (5) = -n(n + 1)g (57) > 0, 


зо f has a local minimum at т = a/(n + 1). But f'(z) could have another zero, t, 
obtained by solving the equation g(x) = 0. Because 


g'(x) = (п – 1)(1+ 2)"-?(n +1 - а)" + (n - 1)(1 - z)^7?(n + 1 + a)! 


is obviously positive for all z € [0, 1), there is at most one solution to the equation 
g(x) = 0 in this interval. It is easy to check that g(a/(n + 1)) < 0 and g(1) > 0. Thus 
there is a real number t, a/(n + 1) < t < 1, with g(t) = 0. For this t we have 
f" (t) = n(a — (n + 1)t)g'(t) < 0. 
Thus, t is a local maximum for f, and no other extrema exist on the interval 


(0, 1). 
The only thing left is to check that f(1) > f(a/(n+1)). Note that the case z = 1 
is also an extreme case with bo = b; = --- = bi = 1. This case does not arise in 


our problem, but we must check to be sure that on the interval 0 € z « 1, f(z) has 
a minimum at z — a/(n 4- 1). We have 


f(1) = 27(1 - a - n)(n - 1—- a)"*! > 0, 


since n — 1 € a € n +l, and f(a/(n + 1)) = 0 (by design). Thus f(z) indeed attains 
a unique minimum at х = a/(n + 1). 
(Titu Andreescu, USA Mathematical Olympiad, 1998, Problem 3) 


24. Let d be the greatest common divisor of p and q. We prove that Т = 27 is 
the lowest positive period of the function f. 
It is clear that 
f(z + Т) = f(z) 
for all real т, therefore T is a period of function f. 
Suppose there are T; > O and an integer А > 0 such that T = AT; and f(z-- ) = 
f(x) for all real æ. Then f(71) = f(0) = 2, so 


cos pT; + cos II = 2, 
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therefore 


cos pT, = cos Ti = 1. 
It follows that 


for some integers kı, k2 > 0. 
Since T = АТ and Т = м 
ky _ ke 


3 > and so p = К. (Ad), q = ka(Ad). 

On the other hand, d = ged(p, q), so А = 1, hence T = Ti as desired. 

(Dorin Andrica, Revista Matematică Timişoara (RMT), No. 2(1978), pp. 75 
Problem 3695) 


25. We have 
- 008 24 2c 2 1+ cos 75 
"ЫТ ыз маа oe 
24 24 24 12 
т 2 уб 
G- D. 1+ TtT aves va 
in(z-") ve và Ve-v2 
sin (5 г) Y pe р 
4(V6 + V2) + (V6 + 2)? _ Кир, 
NOS 7x px - 
5 
237 
Hence an = cot — 2 is true for n = 0. 
n-3 
It suffices to prove that b. = cot (=), where by = an +2, n > 1. The 
recursive relation becomes 
-2)-5 
ha -25 СУ, 
ba – 25-36 
огы = EL. Assuming, inductively, that by = cot cy, where cy = 


7 yields 
cot? c = 1 


55 ＋ = “Teta = cot(2cy) = cot cya, 


and we are done. 


(Titu Andreescu, Korean Mathematics Competition, 2002) 


26. If п = 1, then all real numbers т are solutions to the equation 
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Let n > 1 and note that 


cos næ = (5) cos" z — (3) cos"? & sin? z 4 + 


„ут фы ) cos z зіп"! т. 


We have two cases: 
а) z # (2k + 92 for any integer k. Then 


n n-1,. [^ п—3 in ү, 
(0) = т (2) es sin 1 . t 


<|cosz| (ӨСЕ т| + ( ) l sin 11 6 Ma 1) < 


-- G tn 


hence there are no solutions in this case. 
d) z = (2k + 92 for some integer x. Then 


cosz = 0 and cosnz = 0, 


since n is odd, so { (2k + 1) 5h integer } is the set of solutions. 
Alternative Solution. With the substitution z = 5 — у the equation becomes 


х = — 23-1 a 
cos 22 ny) = 2"~* siny. (1) 
Because n is odd, (1) is equivalent to 
+ sinny = 2 1 sin y. 
Taking modules gives 
| sinny| = 2-1 sin y]. (2) 
But sin ny € n|siny| for all y in R, hence 
| n|siny| > 2^" |sin yl 
If y Æ Кт, k € Z, then n > 2"-!, which implies n € {1,3}. The case n = 1 
is clear and for n 3 the original equation reduces to cos3z = 4cosz, that is 
4cos? z — 3cosz = 4cosz. Taking into account that cosx x 0, this yields cos? = = D 
which is not possible. 
It follows that y = kx, which gives the solutions x = (2k + 1)5, ke Z. 
(Titu Andreescu, Gazeta Matematicá (GM-B), No. 7(1978), pp. 304, Problem 
17297; Revista Matematica Timigoara (RMT), No. 1-2(1980), pp. 63, Problem 4107) 
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27. The equation is equivalent to 
(A+ С) зіп? z + 2B sinz cosz + C cos? т = 0 


We have the following cases: 
i) ATC — 0 and C £0. Then 


cosz = O or ott = —-— 


z e (895 ez)o [use (2) e kez}. 


ii) A+ C #0 and C — 0. Then 


hence 


sing = 0) ог tanz = Tre 


2B 
z € {kn| ke z)u [aree (Toe) + kn| kez}. 
iii) A= B = С = 0. Then any real number is a solution. 
iv) A = C = and B 0. Then sin 2z = 0 and so 
N 
тє {3l keZ}. 

v) A+ C £0 and С # 0. The equation is equivalent to 

(A + C) tan? т +2Btanz + C = 0, 


hence 
BT JB? – АС + С? 


нен А+С 


for В? + С? > AC. It follows that 
z € {arctgy, + kr| k € Z] U (arctgyi + kr| k € Z} 
if B? + C? > AC. Otherwise there are no solution. 


(Dorin Andrica, Revista Matematică Timişoara (RMT), No. 1(1978), pp. 89, 
Problem 3429) 


28. The equation is equivalent to 
2sin т cos y + 2sin y cos 2 + 2sinz cos z = 3, 
or 
(sin z — cosy)” + (sin y — cos z)? + (sin z — соз)? = 0. 
It follows that 
sin æ = cosy, siny=cosz, sinz=cosz. 
Hence 
т 
2+у= (46 +1)5, у+2 = (Aka +1), 
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2+2 = (4ks +1)5 
for some integers kı, xa, ka and therefore 
x = (6 - ka ka) II. y= [Alki + ka - h) +1, 
and 
z = [4(-h + ka + ha) +1], ki, K, ks € Z. 


(Titu Andreescu, Gazeta Matematică (GM-B), No. 11(1977), pp. 451, Problem 
16931; Revista Matematică Timigoara (RMT), No. 1-2(1979), pp. 52, Problem 3835) 


29. Note that 


sin z sin 2z sin 3z sin 42 = 7 (cos 3 - cos 5a) (cos - cos 52) = 
= F (eos? 5a — cos 3z cos 5z — cos Бт cos т + cos zcos 3z) = 


= 1(2сов? Бе — cos 22 + сов8т cos de + cos 62) 5 = 2, 


hence the equation has no solution. 
(Titu Andreescu, Revista Matematică Timigoara (RMT), No. 1(1977), pp. 41, 
Problem 2923) 


30. Squaring both equations and summing up yields 
A(sin? т + cos? т) + 9(cos? y + sin? у) + 12(sinz cos у + sin y cosz) = 25, 
or 
13 + 12 sin(z + у) = 25. 
Hence 
sin(z + у) = 1, 
and so 
т+у = (4K + 92 
for some integer x. It follows that 
зіп 2 = созу and sin y = совт. 
Turning back to the system we obtain 
sin 2 = cosy = $ and siny = созт = 


hence з 4 
tant = P tany = 3 
Note that sin т, cos z, sin y, cosy are all positive, therefore 


z = arctan $ + 2kr 
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and 
4 
y = arctan 3 + Ax, 
for some integers k and і. 
(Titu Andreescu, Revista Matematicá Timigoara (RMT), No. 2(1978), pp. 74, 
Problem 3694) 


$1. Observe that x € [—1, 1] and 
z = sin(arcsin z), VI - 22 = cos(arcsin z). 
From the first equation we obtain 


| у? 
cos(y — arcsin z) = ur 


then 
y — arcsinz — +7 +2kr. 


F т 
Using z+ y = 7, we get 


z+arcsing = 4 K J kr, 
ſor some integer x. 
Case 1. z + агсзіпт = 2 Lkr. Because т € [—1, I] and arcsin z € [- zhe 
have k = 0, hence 
r K arcsinz = 2 
Therefore 
aresinz = 5 —2, or 2 = созт. 


For this equation there is only one solution ту € (0, i) The system has the 
solution 
sm 14 
Case 2. 4 + arcsinz = 2kr. 
Using similar arguments, k — 0, so 
arcsin т = ~T. 


This equation has the unique solution z = 0 so the system has the solution 


т 
t= 0, у = 2 

(Titu Andreescu, Revista Matematică Timigoara (RMT), No. 1(1977), pp. 41, 
Problem 2824) 


32. Using the formula 


tan æ + tany + tan z —tanztanytanz 


t = 
r 
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we have 


laa a DJ 5-1 
Ы 4  l-tanztany —tanytanz —tanztanz 
Hence 
tan ⁊ tan у + tan ytan z + tan z tan z = 5. 
The equation 


È — 5t? + 5t-1=0 


has roots tan т, tan y, tan z, from the relations between the roots and the coefficients. 
On the other hand, the equation has the roots 1, 2+/3,2— V3, hence (, y, z} = 


7 + Кт, 5 + ћт, i + pr >, for some integers k,l, p. 
(Titu Andreescu, Revista Matematică Timişoara (RMT), No. 8(1971), pp. 27, 
Problem 1018) 
33. Using the Extended Law of Sines we obtain 
a cos A + bcos B + ccosC = 2R(sin А cos A + sin B cos B + sin C cos C) = 


= R(sin2A + sin 2B + sin 2C) = R(2sin(A + B)cos(A — B) + sin 2C) = 


—2Rsin C(cos(A — B) + cos C) Ra C cos TEHO oog = - 


^ Lan ein C cos (7 B) cos (7 -4) = 4Rsin Asin B sin C = 275 


* 
as desired. 
(Titu Andreescu, Revista Matematică Timişoara (RMT), No. 2(1977), pp. 65, 


Problem 3060) 


34. Because A+ B + С = п, we have 


A sin — Cus =à 
2 $9. "mg us 
„% otia eee 
zai opem umi Rael ls 
C A B B A 
сов J = sin > cos g + віп 2 созу. 
Hence 
one da ee M Н 
2 2 2 2 2 
и Ax c ce 
соза: sin 3 cos 2 sin J cos 2 =0, 
2 sin 4 B „В А 
жаш 2 ausi Сов л 
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because the first column is the sum of the other two. Computing the determinant, we 
obtain 


as desired. 
(Dorin Andrica) 
35. Denote 
E, = sin nA ein n on and E=} cos nA eos n sinnC. 
Observe that 
(cos A + i sin A) (cos B + isin B) (cos C i sin C) = 
= cos(A + B + С) + isin(A + B + C) = 
= cos + isin x = —1. 
By de Moivre’s formula, 
(cosnA + isinnA)(cosnB + isinnB)(cosnC + isinnC) = (—1)". 
Expanding the brackets yields 
Ei + iE; + cosnAcosnB cosnC - i sin nA sin n sin C = (—1)”. 
Hence 
E, = (-I) i + cos nA cos nh̊ cos no and Е, = sin nA sin n sin nC. 
(Dorin Andrica, Revista Matematică Timigoara (RMT), No. 1(1978), pp. 65, 
Problem 3278) 
36. Subtracting from the second equality the first multiplied by 2 yields 
(sin A — 1)(sin B — 1)(sinC — 1) = 0. 


Hence sin A, sin B or sin C is 1, so ABC is a right triangle. 
(Titu Andreescu, Revista Matematicá Timigoara (RMT), No. 2(1978), pp. 49, 
Problem 3514) 


37. Note that 
acos B + bcosA—c=0. 
The system of linear equations 
acos B + bcosA—c=0 
а^ cos B + ^ cos A — с^ = 0 
a?^-! cos B + I cos A — e> = 0 
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has the solution (cos B, cos A, —1) and is homogeneous. Therefore the determinant 


a b с 
A=| a p c^ 

а?^-1 А-1  q2A-1 

is zero. 
On the other hand, 
1 1 1 
А = abe o^! 1 e = 
(а^-1)? (51) (en-) 
a abe(a*~? ыд poet „2 ety – e) 


Therefore a — b, b — c or c — a, hence the triangle is isosceles. 
(Dorin Andrica, Revista Matematicá Timigoara (RMT), No. 2(1977), pp. 89, 
Problem 3199) 


38. The relation is equivalent to 


vi»-bp-c) | vy (p—c)(p—a) , Vip-ap-B latte) 
v/p(p — a) v»(p = b) v/p(p — c) ~ 4S 


Do- a - 0) Š is ++). 
Expanding the brackets yields 


—р? +ab+be+ca= 400 + 52 + с?), 


or 


then 
4(а + be + ca) = a? +b? + c? + (a ++ с)?. 
It follows that 
(a — b)? + (b с)? + (e- а)? = 0, 
hence a — b — c. 
(Titu Andreescu, Revista Matematică Timigoara (RMT), No. 2(1972), pp. 28, 
Problem 1160) 
39. By the Extended Law of Sines, 
a=2RsinA, b-2RsinB, c= 2Rsin C. 


On the other hand, 
а? + 2bccos A =b +c’, 


sin? B + sin? С = sin? A + 2sin B sin C cos A. 
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From the hypothesis we have 
sin? В + sin? C = prine cn 
therefore sin? A = 1. It follows that A = A hence the triangle ABC is right, as 
desired. 
(Dorin Andrica, Revista Matematică Timigoara (RMT), No. 1-2(1977), pp. 52, 
Problem 3838) 


0. Because 6? + 32 + 2? = 7? and 


A B C A 
т 2 2 2 $7.5. а) 
the given relation is equivalent to 


(6? + 3? + 2) IC 2) + c + (9) = 


А В Сү” 
= (scot 2 +02 + Get 2) а 


This means that we have equality in the Cauchy-Schwarz inequality. It follows 
that 


A B С 

ыы eee eee, 

6 3 Ы 
Phicstne back into (1) ghee ca = % ша grand cot = р. Hace ty 
the Double angle formulas, зіп A = 25 sin В = 65" and sin C = 130" Thus the side 


lengths of T are 26, 40, and 45. 
(Titu Andreescu, USA Mathematical Olympiad, 2002, Problem 2) 


41. Summing up the formulas 


A В C 

a = AR sin 2 cos > cos 2, 

B C A 

ry = 4Rsin I cos > сов, 
E >, СА 

те = 4Rsin > сов = cos 2 


yields 
А В С rn, 
Denn = cos = cos 5 = т 
F hence 


ge _4R+r r 
Dan cos 2 =1+—. 
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Because 7 > r, it follows that 


as desired. 
(Dorin Andrica, Revista Matematicá Timigoara (RMT), No. 2(1978), pp. 49, 
Problem 3510) 


42. We have 
2bccos A + a? = b? + с, 
or E 
a c 
208 A+ = op 
Because ^ + © > 2, we obtain 
a? = 2A 
pc 2 201 — cos A) = dain 2 
and likewise Р "m 
— | == — ind — 
ac 2 480 >? zp 2 Asin 
Summing up these inequalities yields 
o? b c . 2 2 20 
Pe dieci ee > 4 (sin 17 2 tain S) 
as desired. 
(Dorin Andrica) 
43. We have 
а? + 2bccos А = № + , 
80 
2bccooA 0 c 
1 Limb" impe. 
Likewise, 
2accos B a e 
me aes Жыр! 
and 
2abcosC 1 a b 
e 6 c 


Summing up these equalities implies 
, 2becosA | 2accosB  2abcosC _ La " a? " 
a? b? 2 ps 


2 2 
*($ - )«($«£) 227272, 


3 


ита) уа 
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hence 


d moreover 
- cos A  cosB cos C 3 


Зз C wg б 2 зас 
By the АМ-ОМ inequality, 
7178 
2aàbc 2\a+b+c} 165 
therefore 
w te 8 1655 
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(Dorin Andrica, Revista Matematică Timişoara (RMT), No. 2(1975), pp. 46, 


Problem 2134) 
44. We have 
sec? A = 1 — be sec? B = 2 Cc С ab 
cot A Ppa)’ 2 ppb)’ 2 pipe)’ 
2 


so it suffices to prove that 


1 1 
— + — 
p-a p-b p-c 


yields 


and the solution is complete. 

(Dorin Andrica) 

45. By the AM-GM inequality, 

p= (p—a)+(p—b)+(p—c) > 3V(» - a)(p - b)(p — с), 
Then 
р? > 27(р- a)(p — b)(p — c) 
80 
p* > 27p(p — a)(p — &)(р- с) = 275%. 

It follows that р? > 3/35, and since 5 = pr, Р > 3V3, as desired. 


(Titu Andreescu, Revista Matematicá Timigoara (RMT), No. 2(1982), pp. 66, 


Problem 4993) 
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46. Leta = 4, p= 2 p С, Then 0° < a, 8,7 < 90° and a + B+ = 90°. 
We have 
sin c P 7C = sin 3a — cos(@ — y) = sin За — sin(a + 27) = 


= 2cos(2a + у) sin(a — y) = —2sin(a - 8) sin(a — 7). 
In exactly the same way, we can show that 


sin 32 - cos = 4 = —2sin(B - a) sin(B — 7) 
and 
Pat — са La = —2sin(y — a) sin(y — 8). 


2 2 
Hence it suffices to prove that 


sin(a - В) sin(a - 4) + sin( - о) sing т) + sin(y — a) sin(y — 8) 2 0. 

Note that this inequality is symmetric with respect to a, G, ), we can assume 
without loss of generality that 0? < a < 8 < y < 90°. Then regrouping the terms on 
the left-hand-side gives 

sin(a — В) sin(a - y) + sin(y — §)[sin(y — a) - sin(8 — a)], 
which is positive as function y = sin т is increasing for 0° < x < 90°. 
Alternative Solution. We keep the notation of the first solution. We have 
sin За = зіп asin 2a + sin 2a cos o; 
cos(f — a) = sin(2a + y) = sin 2a cosy + sin ^y cos 2a; 
сов(В — y) = sin(2^ + a) = sin 2 cosa + sina cos 27; 
sin 34 = sin “у cos 2y + sin 2y cos y. 
It follows that 
sin За + sin Зу — cos(B — a) — cos(8 — y) = 
= (sin a — sin ) (cos 2a — cos24) + (cosa - cos^)(sin 2a — sin 27) = 
= (sin a — sin y)(cos 2a - cos 2) + 2(cos a — cosy) cos(a + ү) sin(a — ). 
Note that sin æ is increasing and cos æ is decreasing for 0 < т < 90°. Since 


0 < a,7,a+7 < 90°, each of the two products in the last addition is less than or 
equal to 0. Hence 


sin За + sin Зу — cos(B - a) - cos(8 — y) < 0. 
In exactly the same way, we can show that 
sin 38 + sin За — cos(^ — 8) - cos(y - a) € 0 


and 
sin Зу + вїп 38 — cos(a — 7) — cos(a — 8) < 0. 
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Adding the last three inequalities gives the desired result. 
(Titu Andreescu, USA IMO Team Selection Test, 2002, Problem 1) 


47. Let z =a + bi, Z = a — bi, and |z| = уа? + 52. The given relation becomes 
22002 = . Note that 
la = |2002) = N = [a], 
from which it follows that 
(210121299 — 1) = 0. 

Hence |z| = O, and (а, b) = (0,0), or |z| = 1. In the case |z| = 1, we have 2200 = z, 
which is equivalent to 22003 = ж. z = |z|? = 1. Since the equation z = 1 has 2003 
distinct solutions, there are altogether 1 + 2003 = 2004 ordered pairs that meet the 
required conditions. 

(Titu Andreescu, American Mathematics Contest 12A, 2002, Problem 24) 


48. Let a,b be real numbers such that z = a + bi, b # 0. Then Im 25 = 5a*b — 


10a?b? + 55 and 
Imz® 4 2 
F =5(5) —10 (5) +1. 


2 
Setting z = (2) yields 
Im 25° 
Im 5z 
The minimum value is —4 and is obtained for z = 1 ie. for z = a(1 + i), a #0. 


(Titu Andreescu, Revista Matematicá Timigoara (RMT), No. 1(1984), pp. 67, 
Problem 5221) 


= 5a? — 10z + 1 = 5(z — 1)? — 4. 


49. Let Mi, Ma, „ Man be the points with the complex coordinates 
2122 . . „ n and let A1, 42, . ., An be the midpoints of segments Mi Man, 
Ma Man- 1, . . Mu An- 
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The points M., = 1,2n lie on the upper semicircle centered in origin and with 
radius 1. Moreover, the lengths of the chords Mi Mas, M3M35-1,..., MnMn4: are 
in a decreasing order, hence OA;, ОАз,..., OA, are increasing. Thus 
Z1 + Zan 

2 
and the conclusion follows. 

Alternative Solution. Consider 25 = r(cos t,+isin ty), k = 1,2,...,2n and observe 
that for any j — 1,2,...,n, we have 


Z2 t Z2n-1 


S573 


== 


[25 + zan—j+1|” = |г[(соз#у + сов tan—j+1) + i(sin ty + sin tan—j41))? = 
(cos t, + coStan—j41)? + (sint; + sin ton—j41)7] = 
= r?[2 + 2(cost; cos ton—j41 + sint; sin ten—j41)] = 
= 2P [1 + cos(fon 441 — 6) = 4r? cos? кыы 
Therefore |z; + zan—j+1| = 2r cos Б and the inequalities 
|z1 + Zan] < [22 + Zan-1| € +++ S zu + 221] 


are equivalent to tan — fi > tan-1 — tz 2 2 tn41 — tn. Because 0 < < <- < 
ton < т, the last inequalities are obviously satisfied. 

(Dorin Andrica, Revista Matematică Timigoara (RMT), No. 1(1984), pp. 67, 
Problem 5222) 


50. Let p = 1,2,...,m and let z € Ay. Then 2? = 1. 

Note that n—m+1,n—m+2,...,n are m consecutive integers, and, since p < т, 
there is an integer k € (n – m -- 1,n — m + 2,...,n) such that p divides k. 

Let k = K p. It follows that z* = (z?)* = 1, so z € Ay C А.-т U Án-m42 U 
An, as claimed. 

Remark. An alternative solution can be obtained by using the fact that 

(an — 1) (a1 — 1)... (an-^*! — 1) 

is an integer for all positive integers a > 1 and n > k. 

(Dorin Andrica, Romanian Mathematical Regional Contest "Grigore Moisil”, 
1997) 


51. Let z, = cost, +isint,, k € {1,2,3}. 
The condition 2(z; + z2 + 23) — 3212223 Є R implies 


2(sint, + sin ф + sin ёз) = 3sin(t, + tz + ts). (1) 
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Assume by way of contradiction that max(t; ,t4,13) < s hence ti, ta, ta < e Let 
ti ob t b 3 т т 
i= —_ аа E (0, =): The sine function is concave on , =)» 80 
(sint + sint; + sints) < sin nteti, (2) 
From the relations (1) and (2) we obtain 


sin(t; + z + t3) 
2 


«sin , 


then 
sin 3t < 2sint. 
It follows that 
Asin? t — sint > 0, 


i.e. sin? I Hence sint > 2 P (0,=). 


Therefore max(t;, ta, ts) 2 7 6, 88 desired. 
(Titu Andreescu, Revista Matematică Timigoara (RMT), No. 1(1986), pp. 91, 
Problem 5862) 


52. Let п = 2(2s + 1) and b Æ O, otherwise the claim is obvious. Consider a 
complex number a such that a? = i and the polynomial 


J2X"-1- (X — &g)(X —&1)... (X —єл-1). 


We have 2 
(2) *) = (3) (a — ico)... (a — t€n_1) 
and А 
10-8) = (+) ien. ien 
hence 
1(2)1(- 5) =(@? +4)...(0? +654). 
Therefore 


n—1 n—1 
поты у=” П ($ +) mail im 
2541 2 
="; (7 f (-2) = b^ (a?) + + 1}? = bu (8 * 4 1| Z 
251 , р2ә+1\ 2 
= ps1) (* Feet ) = (a3 + 57)2. 
(Dorin Andrica, Romanian Mathematical Olympiad - second round, 2000) 


53. If ab = 0, then claim is obvious, so consider the case when a Æ 0 and b Æ 0. 
We start with a useful lemma. 
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Lemma. If €9,€1,---,€n—1 are the complez roots of unity of order n, where n is 
an odd integer, then 


п—1 
IIA Bex) = 4^ + В", 
k=0 
for all complex numbers A and B. 
Proof. Using the identity 
n=l 


2*-l= II- 
k=0 


for = = -5 yields 


$)-- H9) 
„= кже (та), 
(5: *:) =-П(5 
and the conclusion follows. O 
Consider the equation bz? + a = 0 with roots æ1 and хз. Since 


bz? + a= b(z — zi)(z — 22), 


we have 
n=] n=l n—1 п-1 


[] (a + beh) =b" [] (er – i) -E 22) = ^ [Tex - 21) П – 22) 
k=0 k=0 k=0 k=0 


Using the lemma for A = -, B = 1 and then for A = —z2, B = 1 gives 
n —1 
II e. - 2) = 02^ =-, 
k=O 


n=l 
П — хз) = (z)“ +1 = 1 - 23. 
k=0 

Hence 


n—1 
По + bef) = 0a -220 3) = 
k=0 
engel (е, 
А а 
since 11422 = 7 and g? + z} = тр + (—21)" = 0. 


(Dorin Andrica, Romanian Mathematical Olympiad - second round, 2000) 


54. Consider the triangle with vertices of complex coordinates 21,22,23 and the 
circumcenter in the origin of the complex plane. Then the circumradius R equals 
lzi| = [22| = |zs| = r and the side lengths are 


а= |22 — 23|, b= la — z3], c= la — 22|. 
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The desired inequality is equivalent to 
14 1 1 


ab * be ca = FP 
i.e. 
_ 4S _ 4pr 
a+b+ce> ы EP dés ру 


or R 2 2r, which is Euler's inequality for a triangle. 
(Dorin Andrica, Revista MatematicÁ Timigoara (RMT), No. 2(1985), pp. 82, 
Problem 5720) 


55. Let A1, Аз, Аз and A be the points of complex coordinates 21, 22, 23 and let 
z = az + (1— a)zs, a € В. Hence point А lies on the line Аз Аз and the triangle 
A1 Aa Аз has its circumcenter in the origin of the complex plane. 

Point B is the foot of the altitude from A, in the triangle A; А2 Аз. It follows that 
A1A 2 A, B, so 


min |z — zi| = min laze (17 a) — z| = АВ =h. 


We have 
22 — 2 
Sa - — — |а — zal|z1 — 28| sin Ay - 21 — za — zal · | 2 sl 
1AgAs = 2 = 2 "nex 2 , 
therefore 
h= 121 Zaller 28] 
2r ¢ 
as desired. 


EN 
PAR RO Ee 


Aa(22) 


(Dorin Andrica, Romanian Mathematical Olympiad - final round, 1984) 
56. Denote |z + 1/z| by r. From the hypothesis, 


3 
(+=) +5 +3(2+2)/s 
2 2 2 


1 
3 
dim | 


br isses. 
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Hence r° < 2 + 3r, which by factorization gives (r — 2)(r + 1)? < 0. This implies 
r € 2, as desired. 

(Titu Andreescu, Romanian Mathematical Olympiad - first round, 1987; Revista 
Matematică Timişoara (RMT), No. 1(1987), pp. 75, Problem 6191) 


57. Denote t — а, t є C'. The relation 22 — azjza + 22 = 0 is equivalent 
2 


to ё at 4 1 = 0. Sr USE „ and [t| = 
ы = 1. If t = сова i ein a, then 7L Г =t" = совла +івіппа and we can 


write 22" — anz + 21" = 0, where a, = NUM € [22,2]. 
Alternative Solution. Because a € [—2,2], we can write a = 2cosa. The relation 
2? — агу22 + 22 = 0 is equivalent to 
7L + 2 —2cosa (1) 
22 2\ 


and, by а simple inductive argument, from (1) it follows that 


(Dorin Andrica, Romanian Mathematical Olympiad - second round, 2001; Gazeta 
Matematicá (GM-B), No. 4(2001), pp. 166) 


58. Rotate the polygon А, Аз... An such that the complex coordinates of its 
vertices are the complex roots of unity of order n, ei, ea, , en · Let z be the complex 
coordinate of point P located on the circumcircle of the polygon and note that |z| — 1. 

The equality 

n 
2"-1l= I-s) 
j= 
yields 


n n 
-1|= [[ lz- = [[ PAs. 


j=l j=1 
^ n 
Since ſen — 1| < |z|” + 1 = 2, it follows that the maximal value of [| PAj is 2 


j=l 
and is attained for 2" = —1, i.e. for middle points of arcs А; A;, j = 1,...,n, where 
An — Aj. 
(Dorin Andrica, Romanian Mathematical Regional Contest "Grigore Moisil", 
1992) 


59. We will use the following auxiliary result: 
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Lemma. (IMO 1973, Problem 1) Let С be а semicircle of unit radius and 
N, N, . Pn points on C, where n > 1 is an odd integer. Then 


NH z l. 


where O is the center of C. 

Proof The key idea is to show that the orthogonal projection of the vector sum 
ОР, + OP, +---+0P, onto some line has length not less than 1 (see S. Savchev, T. 
Andreescu, "Mathematical Miniatures", The Mathematical Association of America, 
2003, pp. 75). Let п = 2k — 1. From the considerations of symmetry, the line I 
containing the middle vector ОР, is a natural candidate for such a line (here we use 
the fact that n is odd!). 


It is technically convenient to consider | as an axis with positive direction deter- 
mined by ОР». As is well known, the projection of the sum of several vectors is equal 
to the sum of their projections. Hence it suffices to prove that the sum of the signed 
lengths OP,, OR, , OPA of the projections of B, OP,,...,OPax- onto | is 
greater than or equal to 1. Denote the diameter of C by AB and the orthogonal 
projections of A and B onto I by A; and Bi. We have OP, = 1 and also 


OP, + OP; + +--+ OP, > (k -1)OAi, 


OP, + ОР» +++: + ОР > (k - 1)0B. 


This is because OP; > OA, for j = 1,...,k — 1 and OP; > OB, for j = 
k+1,...,2k — 1. Since OA; + OB, = 0, the proof is complete. O 
Consider the complex numbers 


Zk = cosa, . i sin a, k=1,2,...,n 


and the points N, R, . . , P, with complex coordinates 21, 22,..., Zn. 
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Using the above Lemma we have EH GB > 1, hence |21 + 22 + 
ez > 1, or 


>, cos as +i} sina, > 1 
hz k=l 
It follows that 
l-n 
Ж, cos(a; — 05) > 5 
1<i<j<n 
as desired. 


(Dorin Andrica, Revista Matematicá Timigoara (RMT), No. 2(1983), pp. 90, 
Problem C:58) 


60. Using the identities 


n 1 1 
РЕ у cos 212 = sinnz cos(n +1)z 
c sinz 


and 
sin nz sin(n -- 1)z 


n 
5 = sin 27 = An 


j=l 
we obtain 


On the other hand, 
52 + S2 = (cos 2 + cos4z +--+ + cos 2nz)?+ 
+(sin 22 + sin 4z +--+ + sin2nz)? = 
=n+ у: (сов 2kz cos 21т + sin 2kz sin Ar) = 
1<1<Ё<п 


=т+2 У) cos2(k-J)z, 
1<1<Е&<п 


2 
sin nz 
- =n+ cos 2(k — [)2. 
6 
Set ag = n and ay = 2, 1€ | < k € n, and the problem is solved. 
(Dorin Andrica, Romanian Mathematical Regional Contest "Grigore Moisil", 
1995) 


hence 


Chapter 5 
MATHEMATICAL ANALYSIS 


PROBLEMS 


1. Let 1 < a < f be real numbers. Prove that there are integers m,n > 1 such 
that a < ут < B. 


2. Let (an)n>0 and (bn) ngo be the sequences of integers defined by 
2п+1 
(1+ v3) an I bn Vi, n€N. 
Find а recursive relation for each of the sequences (an) ngo and (bn) ngo · 


3. Study the convergence of the sequence (æn) ngo satisfying the following prop- 
erties: 
1) £n > 1, n = 0, 1, 2, 


1 1 n 1 
= - —— | = == dus 
2) 2 (zmn =) En — 1’ n 0, 1, 


4. Study the convergence of the sequence (Tn)n>ı defined by zı € (0,2) and 
їл = 1+ VA, — 23 


for n > 1. 


5. Consider the sequence of real numbers (z5)5»1 such that 
ы A teh _ 


0. 
n—co n 
Prove that 
2 2 f d 0 


n-oo n 
Is the converse true? 


6. Let (аһ)һ>1 and (bn) ngi be sequences of positive numbers such that a, > nb, 
for all n > 1. 

Prove that if (an)n>1 is increasing and (bn) ngi is unbounded, then the sequence 
(cn)n>1, given by Cn = ал+ — Gn, is also unbounded. 


T. Let 0 < а < а be real numbers and let (2„)„>1 be defined by 21 = a and 
(a T ID) -i +a 
En = L———————— 


> 2. 
Zn-1 +(a+1) ’ "е 
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Prove that the sequence is convergent and find its limit. 


8. Find a sequence (а„)„>1 of positive real numbers such that 
lim (anti- an) = оо 


n-oo 


and 


lim (ani — Van) = 0. 


no 


9. Let (zn) ngi be an increasing sequence of positive real numbers such that 


Zn (у 
n-ooTn 


Prove that there is a sequence (ni of positive integers such that 
m 2пь+1 — Tn, =@ 
R Nk 2 


10. Let а, 8 be real numbers and let (£n)n>1, (Yn)n>1;(Zn)n>1 be real sequences 
such that 
max(zà + ayn, ya + 821} < Zn for all n > 1. 


a) Prove that zn > —5 (0? + 8?) for all n > 1. 
1 
b) If lim zn = ( + 8°), prove that the sequences (tn)n>1, (Yn)n>1 аге 
convergent and find their limits. 


11. The sequences (æn)ngzi and (Yn)n>i are defined by zı = 2, yı = 1 and 
Zn) = ТА +1, улы = n for all n > 1. 

a) Prove that z,/ys < V7 for all n > 1. 

b) Prove that the sequence (zn)n»1; Zn = 2n/Yn, is convergent and lim zn < V7. 


12. Let a > 0 and a # 0 be real numbers and let (£n)n>ı be an increasing 
sequence of real numbers such that 
im n^(zs41 — Zn) = a. 


Prove that the sequence is bounded if and only if a » 1. 


13. Evaluate : 
k(n - E) + (b 1) 
m2 (k 4 1)Kn — K)! 
14. Evaluate 
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15. Evaluate 
S 1 * 1 
0) Sn @) Sf Derr, 0 


16. Let (zn) ngi be an increasing sequence of positive integers such that z&42 + 
Еһ > 22541 for all n > 1. 
Prove that the number 


is irrational. 


17. Prove that 
м 1 
An = —— 
Suh 
is irrational for all n > 1. 


18. Let k, в be positive integers and let ai, a2, ., a, b1, bz, . . , b, be positive real 
numbers such that 


va; + Vai va, = Vb, + Vb; +--+ Vb, 


for infinitely many integers n > 2. 
Prove that 
1) k=8; 
2) 0102... 0k = bbe... dg. 


19. Let (т„)л>1 be a sequence with 21 = 1 and let z be а real number such that 
һы nau, 221. 


Prove that 


20. Let А # +1 bea real number. Find all functions f: R + R and д: (0,00) +R 
such that 


f(In z + Апу) = я (Vz) + 9(/y) for all z,y € (0, oo). 


21. Let f be a continuous real-valued function on the interval [a,b] and let mi, ma 
be real numbers such that тут» > 0. Prove that the equation 
_ mi ma 
. 
has at least a solution in the interval (a, b). 
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22. Let a and b be real numbers in the interval (0, 1/2), and let g be a continuous 
real-valued function such that g(g(z)) = ag(z) A b for all real x. Prove that g(z) = cz 
for some constant c. 


23. Find all continuous functions f : R — [0, оо) such that 
f'(z + у) - f*(z - y) = Af(z)f(y) 
for all real numbers z, y. 


24. (i) Prove that if the continuous functions f : R + (-o, O] and g: R 
O, оо) have a fixed point, then f + g has a fixed point. 

(ii) Prove that if the continuous functions S: R — [0,1] and y : R — [1,00) have 
a fixed point, then yw has a fixed point. 


25. Let р: R — R be a differentiable function at the origin and satisfying 
v (0) = 0. Evaluate 


lim = [69 +0 (F) e 


where n is a positive integer. 


26. Let a be a positive real number. Prove that there is a unique positive real 
number и such that * 
E. > al for all z > 0. 

rH 
27. Let f : [a,b] + R be a twice differentiable function on [a,b] such that f(a) = 
f(b) and f'(a) = f'(b). 
Prove that for any real number A the equation 
f"(z) - A(f'(z))? =0 


has at least a solution in the interval (a, b). 


28. Find all functions F: [0,2] — (0, 1] that are differentiable at the origin and 
satisfies 
f(2z) -2f^(z) -1, 2 € (0,1) 


29. Let А be a positive integer. Prove that there is a unique positive real number 
0 such that 
p" > ar 
for all real number z > 0. 


30. Let f : Е — R be a function continuous at the origin and let А, и be two 
distinct positive real numbers. 
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Prove that the limit 
im £22) — Ка) 
2-0 z 
exists and is finite if and only if f is differentiable at the origin. 


31. The sequence (%,)n>1 is defined by 
z1 «0, тһ ze? - 1, п>1. 


Prove that lim nz, = —2. 
n-oo 
32. Let zo Є (0,1] and 2 = Zn — arcsin(sin? тл), n > 0. Evaluate lim ynzn. 


33. Let f : R + R be a twice differentiable function with the second derivative 
nonnegative. 
Prove that 
f(z + f'(2)) > /(2), TER 


34. Let a < b be positive real numbers. Prove that the equation 
7 
has at least a solution in the interval (а, Б). 


35. Find with proof if there are differentiable functions : R R such that p(z) 
and r) are integers only if x is integer. 


36. Let f : [a,b] R be a differentiable function. 
Prove that for any positive integer n there are numbers 0 < 02 < +++ < 6, in the 
interval (a, b) such that 
Ў) - f(a) _ f'(1) + f'(62) +--+ F'n) 


b-a n 


37. Let f, g: R — R be differentiable functions with continuous derivatives such 
that 
f(z) + g(z) = f'(z) – 9 (2) 
for all z € R. 
Prove that if z;, 22 are two consecutive real solutions of the equation f(z)—g(z) = 
0, then the equation f(z) + g(z) = 0 has at least a solution in the interval (z;, 72). 


38. Let /: [-7; z] (,h be a differentiable function whose derivative f’ is 
continuous and nonnegative. Prove that there exists zo in [-5, 2) such that 


(/(жо))* + (f'(#0))? < 1. 
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39. Prove that there are no positive real numbers z and y such that 


22 + y2-7=2+y. 


п(п+1) 
40. a) Prove that ifr > y > (4) for some integer n > 2, then 


Vz yz yy + Ya. 
b) Prove that 


n Vn ＋ то? n+, n>3. 
Vn 


41. Let 21, T2. . . n be positive real numbers such that 21 + 22 4 -- 24 = 1. 
Prove that 1 
41 25 reo > = 


42. Let f : R — R be a function with a noninjective antiderivative. Prove that 
f(c) =0 for some c € R. 


43. Let fi, f2,..., fn : R > R be continuous functions. Prove that 
тах(/\ (2), fa(z),..., fn(z))dz 
is a derivative and evaluate 
N mond. lb , a0 


44. Evaluate 
T earctgæ 


da 
V1+2? 


45. Let p be a polynomial of odd degree such that p' has no multiple zero and 
let F: R + R be a function such that f o p is a derivative. 
Prove that f is a derivative. 


46. Let I = (O, oo) and let f : I — I be a function with an antiderivative F that 
satisfies the condition 
1 
Fey (2) =а, 


for all = in J. Prove that g: I > R, ate) = For (1) is a constant function and 
then find f. 


5.1. PROBLEMS 187 


47. Let n > 1 be an integer and let f : [0,1] — R be a continuous function such 
that 


[ Dr 1 5 
^ 5 n 
Prove that there is a real number zo € (0, 1), such that 


f(zo) = 1 5 


48. Consider the continuous functions f, g: [a,b] R 
Prove that the equation 


2 b 
g(a) f st = ote) | fco: 
a z 
has at least a solution in the interval (a, b). 
49. Let f : [a,b] + R be a continuous function such that 
b 
Í f(z)dz # 0. 
Prove that there are numbers a < a < f < b such that 
f teraz = 06-210. 
50. Let a, e be nonnegative real numbers and let f : [a,b] > [c,d] be a bijective 


increasing function. 
Prove that there is a unique real number и € (a,b) such that 


b 
[ f(t)dt = (и — a)c + (b — ша. 


51. Let : R — R be a continuous function such that 


"etd [f^ ода, 
/ fis 


for all z,y € R. 
Prove that ү is a constant function. 


52. Let f: В R be a differentiable function such that 


f P pode < es d 


for all real number z « y. 
Prove that f is a nondecreasing function. 


53. Let f: R R be an injective and differentiable function. 
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Prove that the function F : (0,00) — R, 
Fm IL да 
T Јо 
is monotone. 
54. Prove that 


* 1 
lim n? |" z*dz = =. 


55. Prove that there are no Riemann integrable functions f : R — R \ {0} such 
that 
f(z) 


T бё = 72), 


56. Let f : [0,1] R be а differentiable function with continuous derivative such 
that 


for all real numbers z x у. 


[ V dz = 1. 
Prove that |f(1) — f(0)| < 1. 


57. Find all continuous functions f : [0,1] + R such that 


1 
[ sev@- sane = 15 


58. Let fo : [0,1] > R be a continuous function and let the sequence (fn)n>1 be 
defined by 


fn(z) = f fn-i(t)dt, 2 [0,1]. 
Prove that if there is an integer m > 0 such that 


| co 


(m +1)!’ 
then the function fp has a fixed point. 


59. Let f : [-1,1] R be a differentiable function with nondecreasing derivative. 
Prove that 


i 
5 [fee < /(-1)+/'@). 


60. Let f, 9: [a,b] ^ R be continuous functions. Prove that there is a real number 
c € (a,b) such that 


c b 
| tear e- ole) = | sa 6-910. 


SOLUTIONS 


1. We prove that there is an integer n > 1 such that 
B" —o" > 1. 
Let c= 8 — a. Then 
В" — а” = (а+ с)" – a” = (Dentes eet > nante пе, 


because a > 1. 1 

Take an integer n > z Then й" - а" > 1. 

The interval (a^, 8") has length greater than 1, hence there is an integer т > 1 
such that а" < m < В", or a < {Ут < 8, as desired. 

(Dorin Andrica, Revista Matematică Timişoara (RMT), No. 1(1982), рр. 90, 
Problem 4955) 


2. Note that : 
(1 + И; = (1 + v3)" = (1 + зу (1 + v3)" = 


= (an + bnV3) (4+2V3) = 4an + 6bn + (2an + 4bn) V3. 
On the other hand, 
ас ү 


(1 +3 = алу + Бл V3, 
and since an, bn are integers we derive that 
(i) anı = 4an +6bn; (ii) Ьан = 2an + Abn. 
From relation (i) we obtain b, = tice Substituting in relation (ii) implies 
0543 — 40n+1 = 2a, + 422! ui. 
6 6 
or 
054-2 = 88+ — 40. 
= bna — 4b, : А 
On the other hand, a, = — à and the first relation gives 
dert — 4н _ обаны — Abn 
аша 


vc Ep a 
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Thus 
bn+2 = 81 — 40. 
It follows that the sequences (@n)n>1, (bn) ni are given by 


a, = 10, а = 76 and ata = 84n41 an, 


b; =6, dz = 44 and bz = 85,41 — 40, 
for all n > 1. 
(Dorin Andrica, Revista Matematicá Timigoara (RMT), No. 2(1981), pp. 71, 
Problem 4648) 


3. Solving the quadratic equation in 744; and taking into account condition 1) 
yields 
Qt Y . n — 0,1,2,... (1) 
per 


That is Tn41 = f (£n), n = 0,1,2,..., where f : (1,00) — R is the function given 
by 
fa) = т+1+\/2(х1 +1) 
а 2-1 { 


It is not difficult to check that f is decreasing and /(2 + V3) = 2 + V3. We 
distinguish three cases: 

Case 1. If 20 = 2+ V3, then £n = 2+ V3 for all n. 

Case 2. If z € (1,2 + V3), then from the monotonicity of function f it follows 
that 


n+l 


fo < to €, . <24 V3 K < Ts < T3 « m. 
Case 3. If zo € (2 + V, оо), then 


т < 23 € Z5 € «24 N <ra € т < тр. 


In all cases the sequence (æn) ngo is convergent and im Zn =2+ уЗ. 
(Titu Andreescu and Dorin Andrica, Romanian Mathematical Regional Contest 
"Grigore Moisil”, 2003) 


4. Note that 
r = l + уһ (2- а) = 
-1e y (1 22. - 22) (- N 722) = 


hence 2, > 1 for all n > 2. 
We study three cases. 
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i) If zı < 1, then 


zi tn=1 
Zn = 4 Zo if n is even 
тз ifn is odd andn > 1 


So the sequence converges if and only if z; = z3. The equation 


22 = 1+ 4 223 – 23 


has only the solution 22 = 1+ 2 . In all other cases the sequence is divergent. 
ii) If zi = is then 


FENE if n is odd 
2 ifn is even 


and the sequence is divergent. 


iii) If zı > 1, then 


Zi if n is odd 
Tn = Р x 
42 ifn is even. 


2 2 
It follows that the sequence is convergent if and only if х = z3 i.e. z; = = A. 


(Titu Andreescu, Revista Matematicá Timigoara (RMT), No. 1-2(1979), pp. 56, 
Problem 3865) 


5. We prove a more general statement: If p is a positive integer and (Zn)n>1 is а 
sequence such that 


2 2 
ча 11 BY +--+ + 227 


А n =0, (1) 
then 
F (2) 
п— со л 
For this, recall the inequality 
т +29 1 +т„\?” ? 217 «cB 22Р 
n = п 1 
It follows that 


£j d 22-28 « 


11 + 27 K 4 27 
< aLL, 


n 

Using the squeeze theorem and the hypothesis (1), the conclusion (2) follows. For 
р = 1 we obtain the initial problem. 

The converse is not true. Take z, = (—1)" and observe that 


2 Ta aT . Tzu ar if n is even 
n ue if n is odd 
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Hence 
lim 2#2%# `+ _ 5 
nc n 
but : 2 
+++ 
lim zitt tty = 1. 
n-oo n 


(Dorin Andrica, Revista Matematică Timigoara (RMT), No. 2(1977), pp. 47, 
Problem 2570) 


6. Assume by way of contradiction that there is M > 0 such that аль — a, < M 
for all n. Summing up these inequalities from 1 to n yields 


аы — a, < nM, 
or 
LES A (1) 
From a, > nb, it follows that 


п — % 


1 
бл 
Since the sequence (bn)n>1ı is not bounded from above we obtain that the sequence 


(=> : is not bounded from above, which contradicts (1). 
nzl 
(Dorin Andrica, Revista Matematică Timişoara (RMT), No. 1(1978), pp. 91, 


Problem 3441) 


(ar i +a? А ЗР Y 
T. Note that 0 < z; = SEED « a. The left inequality is obvious and 


the right inequality is equivalent to тү < a. Since O < 22 < a we obtain — likewise – 
0 < тз < a and then 25 € (0,a) by inducting on n. 
On the other hand, 
коа (a+ l)n- +07 _ M о? – т2_ 
Zn-1 + (a +1) £&-1 + (a+ 1) 
therefore the sequence is increasing and bounded. It follows that the sequence is 
convergent and let | = im Zn- Then 


> 0, 


_ (a+ 11+ о? 
+00 +1). 
so і = a. 
(Dorin Andrica, Revista Matematicá Timigoara (RMT), No. 2(1976), рр. 53, 
Problem 2567) 


8. We prove that a, = nInn, n > 1, satisfies the conditions. 
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First, 


п 
ал+1 - aq = (n+ 1)In(n +1) -nlnn=In(n +1) ln (1+) 


80 
Jim (ansa - an) =. 
Second, 
Jann — Van = y(n + 1) In(n + 1) - Vn lnn = 
ai) lun I) nnn 
Vr 1)in(n +1) + Vninn 
1 n 
_ In(n +1) " ln (1+3) A 
~ Vn 1) (п * 1) * Vninn Мп + 1) In(n 1) +Vninn 
1 n 
— fiin +1) 1 : in (1+ 2) 
V n+1 ү, f nin J@+l)inn+1)+Valnn 
+ ——— 
(n + 1) In(n + 1) 
Because 
1 n 
lim in (15) =1, 
тп—+со n 
we have 1 
In (1+5 
lim zz (). 
поо n + 1) (п + 1) + Упал 
Becanse im D bnd lim ——*2" ___ = 1, it follows that 
mee оаа noc (n-l)hn(n-1) ' 
Jim. (Vase — Van) = 0, 
as desired. 


Remark. Another such sequence is given by a, = пуп, n > 1. 
(Dorin Andrica, Revista Matematică Timişoara (RMT), No. 2(1977), pp. 70, 
Problem 3087) 


9. Assume by way of contradiction that there is no sequence (пь)к>1 with the 
desired property. Then there is a > 0 such that 


Mr 6 
» 2 


hence 
+1 n > an, for all n 2 1. 
It follows that 
(n — 1)n 


. 1 2 l 27 (n7) = 
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1 
= Tı Q 
п >ы +023 
for all n > 1. This is in contradiction with 
lim =" = 0, 
n—co N 


and we are done. 
(Dorin Andrica, Romanian Mathematical Olympiad - final round, 1984) 


10. a) Summing the inequalities x? + ayn < Zn and y2 + Ban € Zn we obtain 
a aX? о? + 52 
os () + (+) <2(ь+ ). for all n > 1. 


The conclusion follows immediately. 


b) Notice that 
0 zm) and . 20 v SHH)! 


From the squeeze theorem follows that 


А NM i i ES 
вашта M MNT 


(Dorin Andrica, Romanian Mathematical Regional Contest "Grigore Moisil”, 
1997) 


11. By induction on n we obtain yn = 2122...2п-1 and 
zı + - + : * : 
YES Ti 11 2 XI T2 . 251 


for all n > 1. 
Since ты n = z2 — Tn +1 > 0, the sequence (z&)n»1 is increasing. From 


та = 5 we obtain 
2,23...2, > 2- 6775, keN 


hence 1 
X... J-. kew. 
It follows that 
1 n-1 
1 — 
in < 2424 = +++ ase Ө = 
2 2.5 2-§"-3 2 1-4 
5 


as desired. 
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On the other hand, 


— — öu— — — 
— — = = 


Zn Tn nne! Turan 


u z2 41 1 
= —-З——=1+— 
25 m +а>Ъ 


80 (zu) ng i is an increasing and bounded sequence. Then (2n)n21 is convergent and 


lim zn € 1 < УТ, 
n- oo 8 


as claimed. 
(Dorin Andrica and Serban Buzejeanu, Romanian Mathematical Regional Contest 
"Grigore Moisil", 1992) 
12. Let £ > 0 such that a — £ > 0. From 
im n"(zn1 — .) a 


it follows that there is an integer ni such that 


1 1 
zala- 6) € 2n -Tn 4 6 (1) 
for all n > nı. 
Summing up inequality (1) from n = ni to n =n, +p — 1, p > 0 implies 
p-1 1 p-i 1 
a - e ——— «t£ — Zn < (a € —— 2 
( У n EE nip т ( SU ( ) 


со 
: 1 А : 
The series >, m +k converges if and only if œ > 1, therefore applying the 


squeeze theorem to the inequality (2) leads to the conclusion. 
(Dorin Andrica, Gazeta Matematică (GM-B), No. 11(1979), pp. 422, Problem 
18011) 


13. Note that 
kn - ) (KI) D E = : 
>; (k + 1) п — k)! Эсет Law = 


э К 1 < п! = (1 1 lc. [п 
=D M (вету) AG 
1 02 


али ар 
Ѕіпсе 
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it follows that 
„ xv k(n – k)! 4- (k+1) 
iml G- N = 
(Dorin Andrica, Revista Matematică Timigoara (RMT), No. 2(1975), pp. 52, 
Problem 2281) 


14. Note that 
lim z* — 
p0 
=>0 
Indeed, 
lim = т (-z) 
lim z7 = lim erh = e=>0 e =1, 
150 258 
after applying L' Hospital rule. 
Then С 
т 
lim —— =1. 
2—0 z 


Let e > 0. There is an integer п(є) > 0 such that for any integer n > п(є), we 
have 


k Arti 

С) 

l-e< ä <l+e, k=1,2,...,n. 
n? 


Summing up from k — 1 to k — n and using algebraic manipulations yields 


| ()* 


E n 2 n(e), 
1" 
"i + 
PO € EXAM Y | lc 
126-5) EG) «iioi 
for any integer n > n(e). 
Therefore + 
n +1 
i: * 1 
Jm () т 
(Dorin Andrica) 
15. (i) We have 
0 Фа Е || <1. 


1-2 
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" / / 
1/9 1/9 
/ (+2+2%+...)de =f A 
so 
со 
Laat, q»1. 
* * 


(ii) For any |z| < 1 we have 


1+2%+т#+-+т'”+. = : i 
l-z 
Hence , Р 
1/9 1/9 dr 
442 а — 
| (l+a2°+2°+...)dz Í 1 
so 


= 1 I. 1 1 1 
Yen f ia) ay 
(Dorin Andrica, Revista Matematică Timişoara (RMT), No. 2(1977), pp. 70, 
Problem 3091; Gazeta Matematică (GM-B), No. 1(1981), pp. 40, Problem 18608) 


16. The number @ has the decimal representation 


8 = 0.0...010...010...01...10...01 
8282 amu SS 
hi ka En 


where ki, kz „ kn are the number of zeros between two consecutive ones. 
Because 


Tn42— Zn41 > Zn41 — Tn; n>1 
we have 
ki < ka < ka c: <А <..., 


hence @ does not have a periodical decimal representation. 

It follows that @ is irrational, as claimed. 

(Dorin Andrica, Revista Matematicá Timigoara (RMT), No. 2(1981), pp. 73, 
Problem 4661) 


17. Note that 


and that 
= 1 8.1 
0 
z0 


Hence 1 < Àn < 2 for all n > 1. So Àn is not an integer. 
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Assume by way of contradiction that there are positive integers n,p,q with q # 1 
such that : An- Then 


- 1 А+ (стук Y 
1 


1 — 
55 {+1 CE an 


SAN 


—— (-- ape) EN 
(q+1)" (9+ 1)" (9+ 1)?" (4+ 1)" -1' 
for some integer А > 0. It follows that 
MED 1 
= +i + (0 1)"(0 + 2)" 
зо А + В is not integer, which is false. 
Therefore Àn is irrational for all n > 1. 
(Dorin Andrica) 


B tcl, 


18. 1) Using the limit 
lim уа =1 
n-oo 


and taking the limits in both sides of the equality, we obtain 


1+1+---+1=1+1+:--+1 
— — — — 
* times times 
80 k — 8. 
2) Using the limit 
lim n (ўа - 1) = Ina 
n-oo 
and the relation 
n (ai - 1) - (уа - 1) +++ n(y/a&—1) = 
(Vu -1) en(Vis -1) (N=) 
we obtain after taking limits: 
Ina; + Ina +++: + Ina, = In bi + In bz + +++ + Indy. 
This implies | 
ол aa. an = bi bz bz, 


as desired. 
(Dorin Andrica, Romanian Mathematical Regional Contest Grigore Moisil”, 
1999) 
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19. Let P, = 1 - —— |. Then 
" П ( =) 
е Е - =) r Ктк п! 
Р, = — } = — = —, 
121 TR ＋1 ы Tk+t Тп+1 
һепсе 
E F. nr: _ Enti _ Zna2 — (nc anti gni 
Prt “m+! nt (n+1)! (п + 1)!` 


It follows that 
1 1 т? z? grt 
E a 8 2 au^ 


т? =" 
i a tim 
: х 2 gni M 
im (1+ + 1 IU) = , 
it follows that Jim P441 = e, as desired. 


Because 


199 


(Titu Andreescu and Dorin Andrica, Revista Matematică Timigoara (RMT), No. 


1(1977), pp. 49, Problem 2843) 


20. Interchanging z and y we obtain 
f(Inz + Ашу) = g (Vz) + g(Vy), , Є (0,00) 


s0 
fan Лаз) = g(Vz) -g(Vy), , 0. 
Let 
= Inz + Aln y and b = lny + Alnz. 
Then 
2 =e and y r, 
hence 


f(a) = 0) = g (en) +g (e 5), abe R 


It follows that f is a constant and let f(z) = C. Then for z = y we have 


g( V2) = Ê, so g is a constant and g(2) = 7 


(Dorin Andrica, Revista Matematică Timişoara (RMT), No. 1-2(1979), pp. 51, 


Problem 3827) 


21. Consider the function F : I — R, 
F(z) = (x — a)(z - b) f(x) + mı (z — b) + ma(z — a). 
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Note that F is continuous and 
F(a)F(b) = т (а — b)ma(b — a) = —mi1ma(a — b)? < 0, 
hence there is c € (a,b) such that F(c) = 0. It follows that 


о = m 


a-c b-c 


and the solution is complete. 
(Dorin Andrica) 


22. Note that g(z) = g(y) implies that g(g(z)) = g(g(y)) and hence z = y from 
the given equation. That is, g is injective. Since g is also continuous, g is either strictly 
increasing or strictly decreasing. Moreover, g cannot tend to a finite limit L as т — оо, 
or else we'd have g(g(x)) — ag(z) = bx, with the left side bounded and the right side 
unbounded. Similarly, g cannot tend to a finite limit as z + —oo. Together with 
monotonicity, this yields that g is also surjective. 

Pick хо arbitrary, and define z, for all n € Z recursively by z&41 = gn) for n > 
0, and æ -i = g^! (Zn) forn < 0. Let rj = (IL Va? + 45)/2 and r; = (a— Va? + 4b) /2 
be the roots of т? — ат — b = 0, so that rı > 0 > rz and 1 > |r| > |ra|. Then there 
exist ei, ea € R such that т„ = cir? + cor} for all n € 2. 

Suppose g is strictly increasing. If c9 # 0 for some choice of rg, then 25 is 
dominated by rj for n sufficiently negative. But taking Zn and z4,2 for n sufficiently 
negative of the right parity, we get 0 < Zn < Zn+2 but g(z&) > g(£n+2), contradiction. 
Thus c; = 0. Since то = ci and zı = сүтү, we have g(z) = түт for all z. Analogously, 
if g is strictly decreasing, then c, = O or else z, is dominated by rf for n sufficiently 
positive. But taking zn and 2 2 for n sufficiently positive of the right parity, we get 
0 < Tn42 < Zn but g(r,42) < g(z5), contradiction. Thus in that case, g(z) = rex for 
all z. 

(Titu Andreescu, The "William Lowell Putnam" Mathematical Competition, 
2001, Problem B-5) 


23. Setting т = y = 0 yields f(0) = 0. For z = y we obtain f?(2z) = 4f?(z) and 
then f(2z) = 2f (z), since f(x) > 0. 
We prove that 
f(nz) = nf), п>1. 


Assume that f(kz) = kf(z) for all k = 1,2,...,n. We have 
f^ ((n + I)) — f*((n - 1)2) = 4f (nz) f(z), 


f*((n + De) = ((n — 1)? + 4n] (z), 
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hence 
f((n+1)z) = (n ), 
as desired. 
It follows that if p,q are positive integers then 


qf (2) = f(p) = pf (1), 


0 - 
and f(r) — rf(1) for any positive rational r. 


Setting z = 0 in the initial condition gives 
f*(y) - f*(-y) = 0, 
then 
f(y) = f(-y), 
for all real y, hence 
f(r) = Irif(1), 
for all rational numbers r. 


We prove that f(x} = |z| (I) for all real numbers т. Let z be an arbitrary real 
number and let (rn)n>ı be a sequence of rational numbers with lim ru = =. Because 


In) = Iral f (2) 


and f is a continuous function, it follows that 
Jim Irn) = lim lr. (i) = f (Jim ra), 


n-oo 
hence 
f(z) =). 
Note that а = f(1) > 0, therefore the desired functions are f(z) = a|z| for some 
a 2 0. 
(Titu Andreescu, Revista Matematicá Timigoara (RMT), No. 2(1977), pp. 90, 
Problem 3203) 


24. (i) Let a and b be fixed points for f and g, respectively. We have 


a- Fla) S0, b= 900 20 


воа € b. 
Consider the function : R + R, р(х) = f(x) + g(z) — 2. 
The function ꝙ is continuous because functions f and g are continuous. Moreover, 


(a) = f(a) + g(a) - а= g(a) > 0 
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p(b) = f(b) + g(b) — b = f(b) < 0. 
By the Intermediate Value Theorem, there is an zo € (a,b) such that (r = 
hence 


(f + а)(жо) = zo, 
as desired. 
(ii) Let а and g be fixed points of the functions y and th, respectively. We have 
O<a=p(a)<l, 6 2) > 1воа < 8. 

Consider the function : R > R, w(x) r) WIC) — 

The function w is continuous because functions y and + are continuous. Moreover, 
w(a) = pla)p(a) – a = a(v(a) — 1) 2 0, 
w(8) = e(8)v(8) — 8 = 50905) — 1) < 0. 


Likewise, there is ап y% € [а, 8] such that (4o) = 0, hence (uw)(^o) = ^o, as 
desired. 


(Titu Andreescu, "Asupra unor functii cu punct fix", Revista Matematicá 
Timigoara (RMT), No. 1(1977), pp. 5-10) 


* 


му (ete) + 9 (G) + (4)) = 


ss [ss (0) , 19 (5) -00 — | arta) =r) m. 
E т 0 


25. We have 


т—0 +5 


T Ё 
п 
1 1 
= '(0) с 

since (0) = 0 апа ꝙ is differentiable at the origin. 

(Titu Andreescu, Revista Matematică Timişoara (RMT), No. 2(1977), pp. 71, 
Problem 3095; Gazeta Matematicá (GM-B), No. 3(1979), pp. 111, Problem 17671) 

26. Consider the function f : (0, оо) + R, f(z) = mu 


We ж 
1- — 


f'(z) = 


so 
f'(z) =0 if and only if z = =. 


It follows that и = Ê is the maximum point of the function f so џ is the only 


a 
point such that f(x) < (и) for all positive real numbers z. 
Hence * 
M" » a * 
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for all z > 0, as desired. 

(Dorin Andrica, Revista Matematică Timişoara (RMT), No. 2(1978), pp. 54, 
Problem 3547) 

27. Consider the function F: [a,b] > R, 

F(z) = f(z)" M, AER 

Function F is differentiable, since f and f’ are differentiable, and F(a) = F(b). 
By Rolle's theorem it follows that there is c € (a,b) such that F'(c) = 0. 

On the other hand, 

F'(z) e f" (=) — АКР (2))?), 


hence f"(c) - MF (c))? = 0, as desired. 
(Dorin Andrica, Revista Matematică Timigoara (RMT), No. 2(1981), pp. 76, 
Problem 4677) 


28. Let g : [0,2] > р, 7) 907) = arccos f (z). Then 
f(z) = cos g(z) 
for all z € [0,2] and the condition is equivalent to 
cos g(2z) = cos 2g9(z). 
It follows that 
g(2x) = 29(x) + К(т)т 
for all z € (0, 1], where &: (0,1) > Z. 
On the other hand, 0 < g(z) < 2 for all z € (0,2], hence k(z) = 0 and 
902) = 2g(z), 2 є [0,1] 
Ву induction оп п we obtain 
g(z) = 2"9 (=) . 
Because f(0) = 1, g(0) = arccos 1 = 0, so 
gla) _ 9 (as) - 9) 
— = 2 — 


т — 
2n 


for all z € (0,2). 
Since f is differentiable at the origin g is differentiable at the origin and 


92) _ im 9 (=) — 9(0) 


т n—00 T 


gn 


= g'(0) 


for all z € (0,2). 
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It follows that g(r) = ит, where и = g'(0) € lo, 1) because 0 € g(z) < 5 for 
all z € [0,2]. 
Therefore the desired functions are 
т 
falz) = сови, pe [0,7). 


(Titu Andreescu, Revista Matematică Timişoara (RMT), No. 1(1977), pp. 45, 
Problem 2852) 


29. Consider the function f : (0,00) + R, f(z) = . 
* 1 - Alnæ 
f'(z) = “ptt? 


and Ff (r) = 0 for z = et. 
It follows that @ = е!/^ is the only maximum point of the function, so 


f(z) € f(e3), 2» 0. 


Hence 


Inz in o 9 * 
rs < pr 012 «e, 
only for 0 = еї. 

(Dorin Andrica, Gazeta Matematică (GM-B), No. 3(1976), pp. 104, Problem 


15768; Revista Matematicá Timigoara (RMT), No. 1-2(1979), pp. 57, Problem 3870) 


30. a) Let А > и and let y = ти. Then 


А 
f | —y ) - fQ) 
lim f(x) - um. 1 


=A, 
2—+0 "mm 


el 


im ДЛО _^ =a, 


y=0 y 
where a= 2 > 1. 
Let є > 0. Then there is a б > 0 such that for any |y| < б, we have 


„55 (1) 


Substituting y with I. * =1,2,...,n, in the relation (1) we obtain 
y 
Tf 
ela cdi « "m « 16340, 
a y a 


ATTE. 
Zla- -a Ma) HO) оаа 
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LVA 
-O- 0 Э < as (a e. 


Summing up these inequalities yields 


1 y 
1 Fe В ш rr 
Because f is Wie at the origin 2 
lim £ (5) = 70), 
zx 1 10-20 < 1 
„ 5 iG. 
It follows that 
f = i, 18010 f(0 _ Ex -= = 


во the function f is PHI aS at кы origin. 

Conversely, if f is differentiable at the origin, then 

_ fOz) - 0) y ufum) - „. 
im DEL PP 0) and lim “A = f'Q). 


N -H, 


Hence 
lim 


as desired. 

(Dorin Andrica, Revista Matematică Timişoara (RMT), No 2(1978), pp. 76 
Problem 3708) 

31. Since e? > 1 + т for all real т # 0, we have z441 — Zn = €** — 1 — Tn > 0 80 
the sequence (75)n21 is increasing. By induction on n we obtain £n < 0 for all n 2 1 
so the sequence (т„)„>1 is bounded. Therefore the sequence converges and let | be 

d noo 1 


its limit. The equation e! = [+ has the unique solution | = 0, hence lim Zn = 0 


Using lim € — ==) = = =, it follows that 
1 = дА» 1 1 
lim Tn+1 =m = = lim et — 1 En __1 
n= (n + 1) — ^ n-»0 1 2° 


Cesaro-Stolz's Theorem mide 
E reme. 
= -5, 


n NEn 


hence lim nz, = —2, as desired. 
-+00 
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(Dorin Andrica, Revista Matematicá Timigoara (RMT), No. 2(1982), pp. 68, 
Problem 5004) 


32. We first prove by induction that £n > 0. This is true for п = 0 and assuming 
ть > 0 for some positive integer k yields 0 < sin 2 < 1, hence sin? ть < sin zy, which 
implies 241 > £p — arcsin(sin zy) = 

It is not difficult to see that (£n}n>0 is convergent and Jim 25 = 0. We have 


n 

(Vasinz,)? = —1— 

sin? Zn 

and 
; n+i-n sin тафт sin? z, 
тэс 14 4 "00 sin“ тр — sin 21 
sin? Tn41 sin? Tn 
sin? z,4) sin? z, sin? 2141 sin? £n - 


=n: sin(r, — Ti) sin(z, + "P посо z3sin(Z4 + n41) - 


NR Sin & 1 я lim sin 25 Y? - In LTA IT 
n-oo Znjl n-oo Zn n= Sin(z, + 2,41) 


' 1 я 
Е Saga ra 
Zn 
From Cesaro-Stolz Theorem we obtain 
li 8 
A ES 5. 
sin? Zn 
hence 
n Zn Sr! 
um (Мат) = uA I e (Anse) of 
sin? £a 
Thus im Мп, = A. 


Alternative Solution. We have seen above that (£n)n>0 is convergent, „бт 2, = 0 
and z, > 0 for all n = 0,1,2,... We will calculate 


lim һе = lim — — (1) 
noo n-oo y 
5 — 42 
zia 22 (Zn — arcsin(sin! z,))? 22 


It is clear that the last limit is obtained from 


4 1 - |8: (arcsin ta) (2 arcsin t- arcsint®) _ 
t-+0| (arcsint—arcsin#®)? — arcsin?£| 250 (arcsin t — arcsin t3)? arcsin? t 


5.2. SOLUTIONS 207 


garcsint in t 
" t(2arcsint — arcsint?) — ,. t ts 
e / = 2. 
t-0 (arcsint — arcsint*)? 1 c гиев?) 
EC ae 


It follows that the limit (1) is > and the conclusion is obtained via Cesaro-Stoltz 
Theorem. 

(Titu Andreescu, Gazeta Matematică (GM-B), No. 10(2002), pp. 409, Problem 
C:2557) 


33. Let z be a zero of f’. Then f(x + f'(z)) = f(x) and the conclusion follows. 
Let т be a real number such that f'(z) < 0. Applying the Mean Value Theorem 
on the interval [z + f'(z), z] we obtain 
f(z) - f(z  f'(z)) = —f'(2)/'(o), 
for some c € (x + f'(z), 2). Because the second derivative is nonnegative, f" is non- 
decreasing, hence 
f'(c) < f'(z) <0, 
and 
f(z) - f(z + f'(z)) « 0, 
as desired. 
Let z be a real number such that f'(r) > 0. Likewise, 
f(z + f'(z)) – f(z) = f'(z)/ (o), 


for some c € (z,z + f'(z)) and f'(c) > f'(z) > 0. Hence f(z + f'(z)) > f(z) for all 
real numbers z, as claimed. 

(Dorin Andrica, Revista Matematică Timişoara (RMT), No. 1-2(1989), pp. 67, 
Problem 6143) 


34. Applying the Mean Value Theorem for the function f(t) — In t on the interval 


d yields 
2 
in | 
6 c (4. 4 
= ==, f€|^7 
2 
Hence 


In (zy = "а (1) 
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Using the same argument for the interval [zu] gives 
a+b 
ub- 2 1 MTM 
b—a Es 9 з 1, 
2 
hence Р 
2b b-a 
In (5) ier Gh (2) 


From the equalities (1) and (2) we obtain 
a+b = ( 2b ) 
2a Narb ` 


()“ = аз, 


2 
as desired. 
(Dorin Andrica, Revista Matematică Timişoara (RMT), No. 2(1978), pp. 54, 
Problem 3548) 


35. We prove that no such function exists. Assume the contrary and let k be an 
integer. From the Mean Value Theorem we obtain 
Ф(Е+ 1) – Ф(К) = Ф (6), Se (K, X T )). 


Since y(k) and K + 1) are integers, p(k + 1) — (К) is also an integer and so is 


v'(£). 
On the other hand, £ is not an integer, hence (e) is not integer, a contradiction. 


(Dorin Andrica, Revista Matematicá Timigoara (RMT), No. 2(1978), pp. 67, 
Problem 3618) 
36. Define z; = a + r-, k = 0,1,...,n and note that 


b-a 
Typi — Tk = T2 k= 0,1,.. n. 


The Mean Value Theorem yields 


e- flee) = ei), & € len 


Газ) - Ка) = 6700), бє (23) 


ple -le = ee), бє (тл) 
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Summing up these equalities implies 


flea) - а) = 3 


уу), 
i=l 


or 


f()-f(aà 1« 
„ 
as desired. 

(Dorin Andrica, Revista Matematică Timigoara (RMT), No. 1-2(1979), pp. 58, 
Problem 3878) 


37. Let F: R +R, F(x) = f(z) - g(x) and note that F is differentiable. Since 
F (21) = F (z2) = 0 from Rolle’s Theorem there is c € (21,22) such that F'(c) = 0. 
On the other hand, F'(x) = f'(x) — g'(x) = f(x) + g(z), and therefore 


f(c) gde) = 0, 
as desired. 
(Dorin Andrica, Revista Matematicá Timigoara (RMT), No. 2(1977), pp. 74, 
Problem 3113) 


38. Assume that (f(x))? + (f'(x))? > 1 for all z in - 2). Then 
(i) с, 
vA - (f(z)? 


тт Е ?. * : T т 

for all т € 2. 2]. Integrating from =a to 2 90 0 arcsin f (5) —arcsin f () > 
x. On the other hand, it is clear that arcsin f (5 E 
contradicting the previous inequality. 


(Titu Andreescu, Mathematical Horizons, 2000) 


) — arcsin f -5) <5+5 = 


2 2 


39. If z = y, then т = у = 0, which is impossible, because т and у are positive. 
Assume that there are z Æ y > 0 such that 


1.2 +у-27° = т+у, 


and let y = 21 — za, T = T3 — T3 for some z; > тз > T3 > 0). 


Then 
An 9 —1. a — 
1 — 223-22 тз — тз’ 
or 
2—2  2n-25 
71 - T2 212 — 23 
By the Mean Value Theorem there are 6, € (22,21) and 62 € (23,22) such that 
2n _ 92 2тз — 923 


2 
= 25 In2, 6, € (12, 11) and 


ppm 22 — 23 = 2% In 2, 6, € (23,22) 
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Hence 2% In2 = 2°? In 2, that implies 6; = 65, a contradiction. 

(Dorin Andrica, Revista Matematica Timigoara (RMT), No. 1-2(1980), pp. 70, 
Problem 4152) 

40. a) Consider the differentiable function f : (0,00) + R, 


f(t) = Vt- "t. 


We have 
fi) = Lid (en r 22 . 
n n 71 
n n{n+1) 
so, if t > (4, , then f'(t) > 0. Hence f is increasing on 


" n(n4-1) n n(n4-1) 
50 =) and for z > y > (24) „ we have f(x) > f (y). There- 


Ver "уу > yy + M, 


as desired. 
b) We prove that 
n?*! > (n +1)" 
for all n > 3. 
The inequality is equivalent to 
1 n 
(1 E =) <n, 
n 
which is clearly true, because 
1 n 
(1 + 3 <e<3 
n 


for all n > 1. 
Setting z = п"+! and y = (п + 1)", т > y in the inequality from a) yields 


1 
60 + — а паре р n23 
n+ 


a+l 
as desired. 
(Dorin Andrica, Revista Matematica Timigoara (RMT), No. 2(1981), pp. 74, 
Problem 4668) 


41. Recall Jensen's inequality for a concave function f: 


Уу Af (zi) 8 Aii 


&=1 > 7 к=. 


3 (<) L 
1-1 


i=l 


5.2. SOLUTIONS 211 


Consider f(z) = Inz, yi = I P= уу... and A, = £ for i = 1,2,...,n. We 
i 
have 


p P 
m 21 V 
80 
S*. 
12 4 xo n 
In Ci ya^ aÈ) < ln 7 1 
181 Yi 
Hence 
vl 
=l vi 
К UMS T Ae 
yy. yv < | = 1 , 
41 У 
and since y; = I i=1,2,...n, it follows that 
i 
È z 
i=l 
Т п 2 
zn Be Ba = n =n, 
Уа 
i=l 
thus А 
21 11 n 2 n’ 
as desired. 


(Dorin Andrica, Revista Matematică Timişoara (RMT), No. 2(1977), pp. 74, 
Problem 3111) 


42. Let F be an antiderivative of the function f. Since F is noninjective, there 
are real numbers zı < тә; such that F(x,) = F(zz). Applying Rolle's Theorem on the 
interval [21,2] we obtain f(c) = F'(c) = 0 for some c € (21,22), as desired. 

(Titu Andreescu) 


43. Because 


max(fı (z), fo(z)) = fils) + fils) + file) -AEN 
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and Fi, J: are continuous, max(f;,f2) is also continuous. Assume that if 
fis Ia. . Ji are continuous, then max( fi, fa,..., FI) is continuous. It follows 
that 

max( fi, fa, . . fe) = max(max(fi,... , fa 1), fa) 


and according to the first step, the function max(fi,..., fp) is continuous. Hence 
max (Fi; . . , fn) is continuous and furthermore a derivative function. 
Note that if n is even, then 


т", r€(-oo,-1) 
тпах(1, , . ) 4 1, 26-1, I 


nl _ 
— +С, z€(-oo,-1l) 


n+l 
[ o... = х +С, z € [-1,1] 
RII +С, хє (1, oo). 


On the other hand, if n is odd, then 
1 1, x €(—oo,-1) 


max(1,2,...,2"7) = 4 1, z € [-1,1] 
z^, E (, oo), 
and n 
M +С, z€(-o0,-1) 
f medi, a, -) 1 ＋ C, z € [-1,1] 
rin 


Sr +С, E (1, oo). 


(Dorin Andrica, Revista Matematică Timigoara (RMT), No. 201983), pp. 62, 
Problem 5185) 


44. Denote EN 
z 
h= | == and = | 2 dz 
А М1 + х2 Я МІ + 22 
We have 
| pa] sie Syl were = 
"oJ Mew 74 1+ 22 2x 


= / VA тече) = La елече f e d 


М1 + 22 
= y1 + renter _ 7, 
hence 


I +1» = y1 + 27e8t8*, 
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On the other hand, 
ex 2 ,arctgz 
xw ааа = 2165 D de= / a V/A +тїф(е*?”“®=) = 


т? є®©\&® 


= N. aretga _ [Tt — dir, 
T + 222 11 M 


— 0 2У1+ 22емчсм» – (п +) _ 
М1 + 22 2 
- arctgz 
= (== )У1+ sene уе . 


(Dorin Andrica, Romanian Mathematical Olympiad - final round, 1975; Revista 
Matematică Timişoara (RMT), No. 2(1978), pp. 35, Problem 2125) 


45. We start with the following lemma. 

Lemma. Let g, h: R — R be functions such that: 

1) h is a derivative; 

2) g is differentiable with a continuous derivative. 
Then g - h is a derivative function. 

Proof. Let H be an antiderivative of h and define u: R > В, u(x) = g(z)H (z). 
Then 

u (r) = g(z)h(z) + g(x) H(z), 

or g(z)h(z) = u'(z) — g'(z) H(z). 

The function u’ is a derivative and g - Н is continuous, hence the function g - h 
is a derivative, as claimed. O 

Applying the lemma for h = f ор and g(z) = z* for a nonnegative in- 
teger k, it follows that z*(f о р)(х) is a derivative, hence p'(f o p) is a deriva- 
tive. Since the degree of p is odd, p(R) = R. Assuming that В lim p(z) = —оо, 
there are real numbers 21, 21, 24... „ Em, T such that p is increasing on each of 
the interval (—оо, z1), [z1, za], --. [25 1, ml, (2,00) and р(ту) = p(zi) = Mi, 
p(z) = p(t) = Mz. . , Pm) = pl = Mm. Let Fi, Hi, ., Hm be an anti- 
derivative of p(f о p) on the interval (—оо, 1], LI, 22], . . „Irn, оо), respectively. It 
follows that Fi o p^! , Н, op^!,..., Hm o p^! are antiderivative of f on the intervals 
(oo, M;], IMI, Mal. . . , [Mm оо), respectively, hence f is a derivative function on all 
R 

(Dorin Andrica, Revista Matematică Timigoara (RMT), No. 2(1985), pp. 76, 
Problem 2) 


46. Substituting т + 1 іп the given condition yields 


F(Z) ла) = i (1) 
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for all z in Т. We have 
9 (2) = F'(z)F (2) + F(2)F’ G) (-3) = f(z)F (2) Ра E (2) F(z) Q) 


1 
for all z in J, so g is constant. Then there is a constant c > 0 such that F(z)F (3) ze 
for all z in J, and from (1) we obtain 


f(z) 1 
F(a) cr zél. 


Integrating gives In F(z) = : In z --In d, where d > 0. It follows that F(z) = dz*, 


for all z in J. The relation F(z)F (2 ) = c becomes d? = c, so d= V. 
Finally, ; f 
f(z) = Ar 2Є1, 
zF 7 ve 


where c is any positive real constant. 
(Titu Andreescu, Romanian Mathematical Olympiad - final round, 1987; Revista 
Matematicá Timigoara (RMT), No. 2(1987), pp. 86, Problem 6307) 


47. Consider the function g : [0,1] + R, 
907) = f(z) - (1-- z - 421) 


and note that g is continuous. We have 


if vds = obe). U ehe 


гзж (1+5+--+2) =0 
ы | 5 JEU 
From the Mean Value Theorem there is zo € (0, 1) such that 
1 
даа) = | o(z)de o. 


һепсе 
Fro) =1+ 29 +--+ + 22-1 


as desired. 
(Titu Andreescu, Revista Matematica Timişoara (RMT), No. 1-2(1979), pp. 33, 
Problem 3444) 
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48. Consider the function F: [a,b] + R, 


re) = f «ow | КУ? 


Note that F is differentiable and F(a) = F(b) = 0. Applying Rolle’s Theorem, 
we obtain с € (a,b) such that F’(c) = 0 hence 


c b 
tle) ji g(t)dt = g(c) [ Ih dt, 
as desired. 
(Dorin Andrica) 


49. Consider the function F: [a,b] + R, 


ғ f ' f(z)ds - [ f(z)dz 


and observe that F is continuous and F(a)F(b) « 0. Then there is a € (a,b) such 
that F(a) = 0 so 


a b 
f f(z)ds = | f(z)dz 
From the Mean Value Theorem there is § € (a,b) such that 
b 
/ f(z)dz = (b — а)/(8), 


therefore there are numbers а, € (a,b), a < B, with 


[ sede -O 


as claimed. 
(Dorin Andrica, Revista Matematicá Timigoara (RMT), No. 1-2(1979), pp. 61, 
Problem 3897) 


50. Since f is an increasing bijective function, f is continuous. 
Denote 


4 
/ sed, 5= f wd, 
and note from the diagram below that 


Sı + So = bc — ac. (1) 
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From the Mean Value Theorem there із £ € (c,d) such that 


d 
U = (4-97-00. 
Observe that £ is unique and let и = f~'(€). The relation (1) gives 


b 
1 f(t)dt = (и –а)с+ (- 0d, € (a,b), 


as desired. 
(Dorin Andrica, Revista Matematicá Timigoara (RMT), No. 2(1978), pp. 56, 
Problem 3556) 


51. Consider the function F: R > R, 


LJ 
ғ) = [ (0а, 
0 
and note that F is differentiable. 
From the hypothesis we obtain F(x + y) — F(z) = F(x) — F(z - y), so 
F(r--y)-F(r—-y)-2F(zr), z,ycR 
Differentiating with respect to y it follows that 
F'(z + y) = F'(z — y), z,y E R. 

Setting т = у = 2 z € R, we obtain F'(z) = F'(0), so (z) = "e for all z € R. 
Hence y is a constant function, as desired. 


(Titu Andreescu, Revista Matematică Timişoara (RMT), No. 1(1977), pp. 47, 
Problem 2865) 


52. Consider the function y : R — R, p(s) = f ТД ты condition ls оні 
lent to 


f да+ Y " f(Ddt > 2 K (dt, 
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hence 


elz) + ely) wi (522) (1) 
for all z,y ER 
Since f is differentiable, is twice differentiable and moreover is concave up, from 
relation (1). Hence r) > 0 or f'(z) > 0 for all z, so f is a nondecreasing function. 
(Titu Andreescu, Revista Matematicá Timigoara (RMT), No. 1(1976), pp. 56, 
Problem 2349; Gazeta Matematică (GM-B), No. 2(1980), pp. 68, Problem 18154) 


53. Consider the function h: (0,00) + R, 


ha) = aft) - f f 
Because f is differentiable, h is differentiable and 
Мх) , r), 220. (1) 


Since f is injective and continuous, f is either increasing or decreasing, so f'(z) < 
0 for all z or f'(z) 2 0 for all real numbers z. 

Case 1. If f'(x) < 0 for all т, then from (1) we deduce that h'(x) < 0, z > 0, 
hence h is nondecreasing. It follows that h(t) € h(0) = 0, т > 0. 

Case 2. If f'(x) > 0 for all т, then h'(x) > 0, z > 0, and h is nonincreasing. It 
follows that A(x) > h(0) = 0, z > 0. 

Since F is differentiable and 


zf(z)- | Ја 
F'(z) = EE UE h(z 


we derive that F'(r) < 0 for all x > 0 or F'(r) > 0 for all х > 0, hence F isa 
monotonic function, as desired. 

(Titu Andreescu, Revista Matematica Timigoara (RMT), No. 2(1978), pp. 76, 
Problem 3709; Gazeta Matematică (GM-B), No. 1(1980), pp. 38, Problem 18115) 


54. Recall from Problem 14 that 
lim z* — 1, 
2-0 


=>0 


and let £ > 0. There is б > 0 such that for all z < б, |z? — 1| < є. 
Then for n > 7 we obtain 


1 i 
n? / (22+! – z)dz| < n? [ “|т®+! — z|dz = 
0 0 


1. 1 
=n? | ele- - йс < en? [^ эй =£. 
0 0 2 
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It follows that : 

lim n? ji " (z**! — z)dz = 0, 
n 0 

hence 

* 1 
lim п? / z^*ldr = =, 
n 0 2 
as desired. 


t 
Alternative Solution. Consider the function F(t) = / * dr. Then F(0) = 0 
0 


and we can write 


1 
lim nè nd lim () = Um Flu) = m © © A 
no 0 n-oo n u—-0 u? u20 2u 
Х uu 1 » a 1 
m 2u nk 1— "c 


(Dorin Andrica, Gazeta Matematică (GM-B), No. 11(1979), pp. 424, Problem 
18025; Revista Matematică Timişoara (RMT), No. 1-2(1980), pp. 71, Problem 4160) 


55. Assume the contrary and let х # y be real numbers. Then 
f tou= f ad [ tou= fü) 
z у 


f(y) f(z)’ 
hence 
IG)... fü) 
f(y) FG) 


It follows that f?(z) + f?(y) = 0, so f(z) = f(y) = 0, which is absurd since f(x) # 0 
for all z. 

(Titu Andreescu, Revista Matematică Timigoara (RMT), No. 2(1978), pp. 35, 
Problem 3126) 


56. It is clear that : 
f are - as 20. 


Hence : : 
[ das -2 | ras f dzo, 
and 
12 / eez |f. read. 
as desired. 


(Titu Andreescu, Revista Matematică Timişoara (RMT), No. 2(1977), pp. 77, 
Problem 3130) 
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57. The relation is equivalent to 
[елә - Peas = | pat 
0 0 4 


Hence 


[ (Pe - 212+ A) a =o, 


[ (70) - 2) ae =0. 


Because f is continuous, f(z) — 2 = 0, for all z € [0, 1], so f(z) = 7 z € [0, 1]. 
(Titu Andreescu, Revista Matematicá Timigoara (RMT), No. 1(1978), pp. 72, 
Problem 3319) 


$8. The relation А í 
Ј 1-9% ллу, 


| ( 0 at =0. 


Since fm is continuous by the Mean Value Theorem there is zo € (0,1) such that 


fm(e0) = 26, 


F C= ib = 


Using the same argument, we obtain z; € (0,29) such that 
zT! 


Ín-i(z1) = -— (m - 1) 
Continuing this procedure, we obtain £m Є (0,251) such that 


is equivalent to 


or 


fo(Zm) = m, 
as desired. 
(Titu Andreescu, Revista Matematicá Timigoara (RMT), No. 1(1978), pp. 72, 
Problem 3320) 


59. From the Mean Value Theorem we deduce that for any = € [—1, I] there is 
€; Є (—1,2) such that 
f(z) - f(-1) = (z + 1)7' (ez). 
Since F (o) < f'(1), f(z) — f(-1) S (x + 1)f'(1), hence 


Í. fajas -24(-1) < EE pray 
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and the conclusion follows. 
(Titu Andreescu, Revista Matematică Timigoara (RMT), No. 2(1981), pp. 77, 
Problem 4686) 


60. Consider the function : [a,b] ^ R, 
t 
ney - 6-0 f. If a 
and note that h is differentiable and 
t b 
м) = - / TG Ddr + (b-t)f(t) + f g(z)dz — (t — a)g(t). 


Since h(a) = h(b) = 0, from Rolle’s Theorem it follows that there is a real number 
c € (a,b) such that e = 0. Then 


c b 
- [ todz- e- аё) + 6 - 070) + / g(z)dz = 0, 


and the conclusion follows. 
(Titu Andreescu, Revista Matematică Timişoara (RMT), No. 2(1985), pp. 56, 
Problem 5628) 


Chapter 6 
COMPREHENSIVE PROBLEMS 


PROBLEMS 


1. Let A be aset with n elements and let B be a subset of A with m > 1 elements. 
Find the number of functions f : A — A such that f(B) C B. 


2. Let A be a set with n elements and let X,Y be subsets of A with p > 1 
and д > 1 elements respectively. Find the number of functions f : A + A such that 
Y c f(X). 


3. Let A be a set with n elements and let X be a subset of A with k > 1 elements. 
Find the number of functions f : A — A such that f(X) = X. 


4. Consider the sets A = {1,2,...,n}, В = (1,2,..., m) and let k < min{n, m}. 
Find the number of functions f : A — B having exactly k fixed points. 


5. Let ai, az, . , an be positive real numbers and let m > 1. Prove that 
(1+2) +(1+2) — (142) >n-2™. 
a2 ag 31 


6. Let ai, az, , an be positive real numbers and let k > 0. Prove that 


k+ ie (ie ee ER 
i=1 ї=1 i=l 


7. Let a,b,c be positive real numbers such that abc = 1. Prove that 
(1210. (61%) (1) < 1. 
b с а 


8. Let а, 8,7 be positive real numbers and let [a,b] be an interval. Find the 
numbers z, y,z € [a,b] such that 


E(z,y,z) = a(z — у)? + Bly — г)? + (2-2)? 


is maximum. 


223 
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9. Find the maximum number of nonzero terms of the sum 


> If) - FOI 
ij=l 
where f : {1,2,...,n} — {a,b,c} is one of the 3” possible functions. 
10. Let a), a2, „ an, bi € bz € +++ € bn be positive numbers such that 


ai sh, а +a < bi +be,...,a4 + Gg as € b + ba +--+ + bn. 
Prove that 
Ма + уда +++ + Jan € Vd + Vba +++ + Vn 


11. Define S(n,p) = Y "(n-- 1— 2i)" for all positive integers n and p. Prove that 


i=l 
for all positive real numbers a;, i = 1,n the following inequality holds 


4? n 
: ав 2р 
„р, (0i & N 2% f 
12. Prove that 
—1 
v 17 ja- 507% н 
for all integers п > k > 2. 


13. a) Consider the real numbers a;j, i = 1,2,...,n — 2, j = 1,2, 


n, n 2 3, 
and the determinants Аф, k = 1,2,...,n 
1 к 1 1 Ses 1 
A, = @11 s. G1,k—1 01 6+1 Gin 
an—-2,1 ün-2,k-1 Gn—2,k+1 Gn-2,n 
Prove that 
A, + Ag + Ау +- = А; + А + Ав +... 
Ь) 14% 21, 2 . . n be distinct real numbers and let 
n—(k+1) k-1 
Dk = П (E- ТР Tk) gk = Пс, а zi) 
i-o і=1 
for k = 1,2,...,n. 


Prove that 
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с) Prove that 
ee NC M 
с (n — (а + E) 
for all integers n > 3. 
14. Let P(x) = z^ + az"! + --- + a, be a polynomial with all zeros positive 


real numbers. 
Prove that if there are m # p € {1,2,...,n} such that 


am =(-1"(") and -C). 
then Р(х) = (= — 1)". 


5. Define the polynomials Po, P,,..., Pn by 
Po(z) = 1 and P () = (n — k + 2)Pe(z) + Р, (т) 
for all К = 0,1,...,n — 1. Prove that deg Р, = k for all k and find the polynomial Р». 


16. Let (H:) ngo be a sequence of polynomials defined by 
Png () = FEC) + Pale) and Po(z) = 1. 
Find P,,(0). 


17. Consider the polynomial 


n 
1 k 
Pl) стук 


Prove that the equation P(x?) = P?(z) has no real roots. 

18. Let P be a polynomial with real coefficients. Find all functions f R + R 
such that there is à real number £ such that 

f(z +t) — f(z) = Р(х) 

for all z € R. 

19. Find the real numbers a,b, c, d, e € [—2, 2] such that 

a+b+c+d+e=0 
а +8 d = 


and 
а5 +h + с + d + е5 = 10. 
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20. Let р be an odd prime. The sequence (an) ngo is defined as follows: ay = 0, 
ау = 1,..., @p-2 = p—2 and, for all n > p—1, an is the least integer greater than a,_, 
that does not form an arithmetic progression of length p with any of the preceding 
terms. Prove that, for all n, a, is the number obtained by writing n in base p — 1 and 
reading it in base p. 


21. i) Let a,c be nonnegative real numbers and let f : [a,b] — [c,d] be a bijective 


increasing function. 
Prove that 
> UG) + SO E) - (Gy) = bid - ala) ale) 
ask<b с<к<4 


where k is integer, n(G у) is the number of points with nonnegative integer coordinates 
on the graph of f and o : R — Z is defined by 
[z] if re RAZ 
а(х) = $ 0 И == 0 
2-1 if 2 S ZN 0) 
ii) Evaluate 


22. i) Let a,c be nonnegative real numbers and let f: [а,Ь] — [c,d] be a bijective 
decreasing function. 
Prove that 
> YO) Un- Bale) – оба), 
а<8<ь с<к<4 
where k із integer and a із the function defined in previous problem. 


ii) Prove that 
[8] -E lal 
э [а] -l 
for all integers п > 1. 


23. Let 1 < ni < na <... < ny <... be a sequence of integers such that no two 
are consecutive. 

Prove that for all positive integers m between n; + na + *:- In and ni + na + 
+++ ++ пф there is a perfect square. 


24. Let (z)n»i be a sequence defined by тү = 3 and „у, = z2 — 2 for all 
positive integers n. 
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Taking into account that (£n, 254.1) = 1 for all n > I, there are sequences (un)n21; 
(vn)n21 of positive integers such that 
Untn¢1 —UnIn=1, п>1. 


Prove that 
n = Ua + 8и2 + 4u, 
is a perfect square for all n > 1. 


25. Find the sum of the series 


c. pln) 
Leer 


nzl 


26. In a coordinate system 20у consider the points Ar (k, n—1), К = 0,1,...,n-1 
for a given positive integer n. 

Find the number of open segments OA, that do not contain a point with integral 
coordinates. 


27. Let (@n)n>1, (bn)n>1, (Cn)n>1 be sequences of positive integers defined by 
(1+ V2-- 94)" = a, b, V2--c, V4, п> 1. 
Prove that 
an, if n=O (mod 3) 


1y (Ha. bu 2, if n=2 (mod 3) 
k=0 en V, if n=1 (mod 3) 


and find similar relations for (bn) ng and (¢p)n>1- 

28. Consider the sequences (a5)»1; (bn)n»1; (Сп)п>1› (dn)n21 defined by a; = 0, 
b = 1, с = 1, dı = 0 and ал+ = 2b, + Зс, dny = аһ + 34, cui = аһ + 24, 
dii = bu + ca, NZ 1. 

Find a closed formula for the general term of these sequences. 

29. Let f : № x N* — № be a function such that f(1,1) = 2, 

f(m+1,n)=f(m,n)+m and f(m,n41)- f(m,n) -n 

for all m,n € №. Find all pairs (p,q) such that f (p, 4) = 2001. 


30. Determine all functions f : Z — Z satisfying 


f(z? +5 + 45) = GG! + GG)? + GG 
for all integers z, y, z. 
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31. 1981 points lie inside a cube of side 9. Prove that there are two points within 
a distance less than 1. 


$2. The squares of a chessboard are randomly labeled from 1 to 64. On the first 
63 there is a knight. After some moves, the 64’s square, initially unoccupied, is also 
unoccupied. Let п be the square number of the knight who was initially on the k’s 
square. 


Prove that 
63 


}у Ink — k| < 1984. 
k=l 


33. The Fibonacci sequence (Fn)n>1 is given by 


Е = Е =1, Е.ә = Fnr ＋ Fa, n21. 


Prove that p 1 
n42 F = 
Fan = 8 — 2Fj. 
for all n 2 2. 


34. Let n be a positive integer and let №, be the number of increasing arithmetic 
progressions with k terms from the set (1,2,...,n). 
Prove that 


*. S 37 (5+5) 1-4, 


n — 1 
35. Let Fs be the nth Fibonacci number (that is, Е = Е, = 1, Fay = Fan +Fr-1 
for n > 2), and let P(x) be the polynomial of degree 990 such that P(k) = Fk for 
k = 992, 993,..., 1982. Prove that P(1983) = Fiess — 1. 


36. Let 21, 22, a, f be real numbers and let the sequence (z5)n»1 be given by 
Zné2 = «Ха + Bin, n21. 


If 22, — TM- # 0 for all m > 1, prove that there are real numbers Ау, A2 
such that 
zl — Zn4ifn-1 _ A 
F 
T7 1 — TnTn-2 
and 
ZnZn-i ~ Tn4+1Tn-2 AS 


Tn-1 — ZnTn—2 


for all n » 2. 
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37. Consider b € (0,1) and the sequence (а„)„>: defined by a1 = az = ··· = 
AR 1 = 0, * > 3, and 


1 
вы = g+ an +a? + + аа) for all К. 


Prove that the sequence is convergent. 


38. Let (@n)n>1 and (b,)n21 be sequences such that 
i) (bn)n>1 is strictly monotonic and unbounded; 
ii) there exists lim o 


-—00 E 


39. Let (un)n>1, be a sequence defined by ш € R \ (0,1) and 


0 ui uo ... Un 
и Ü "5 . ж 

Unt = k Я 7 п> 1. 
ш 2 us 0 


If the sequence converges, evaluate 


_ 1 

im = IId +ш...м). 
k=2 

40. Let (@n)n>1 and (bn)n>:ı be sequences such that 

i)O< db «b <- bn <...; 


ii) iniri »k»Lln2l 


bn 
iii) there exists lim 2^. 
п-+оо b, 
Prove that lim Qni exists and is equal to lim = 
поо bnei - b, п-+оо бл 


41. Let k be a positive integer and let 


m [+ 1)". (3) |} n>0 


Prove that 


42. Let f: RR 
f(z) = J sinas, 
k=l 
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where a, are real numbers. Prove that if |a;| Æ |a;| for i # j, then there is a real 
number то such that f (xo) * 0. 


43. Let f : R — R be a differentiable function with continuous derivative such 
that 


Jig, (2) = Jim, fs) = oo 
Prove that the function g: R + R, 
g(z) = sin f(z), 
is not periodical. 
44. Let a be a real number and let f : N 0, 1), f(n) = (an) i.e. the fractional 
part of the number an. 


i) Prove that f is injective if and only if a is irrational. 
ii) If a is rational, find the number of elements of the set 


M = (f(n)| n € N}. 


45. Let f: R R be a function such that 
i) f has a period T > 0; 
ii) f(z) € M for all z; 
iii) f(z) = M if and only if т = КТ, for some integer К. 
Prove that, for any irrational 0 the function g : R + R, 
g(x) = f(z) + f (02), 
is not periodical. 
46. Let f : R R be a continuous function with a period T > 0. 


a) Prove that if T is irrational, then for any À € [mig f (2), max y e) there is a 


sequence (z5)551 of integers such that 
lim f(z,) = À. 
noo 
b) Prove that if T is rational, then for any A € [шр fis) mas fiz) and for any 
т z 
irrational number 0, there is a sequence (z5)521 of integers such that 
im f(0z4) = А. 


47. i) Let z, y, 2, v be distinct positive integers such that х + y = 2 + v. Prove 
that there is no A » 1 such that 


1 +y = zA. 
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ii) Let p be a prime number and let a, b, c, d be distinct positive integers such that 
a? + = c? + @. 

Prove that 
la — c| Ib d| >р 


48. i) Prove that й 
(ey) < = Ser 


for any z > y > 0. 
ii) Prove that 


n n+l 
CED cac CHEE, n>1. 


e 


49. Let a,c be nonnegative real numbers and let f : [a, b] — [c,d], be a bijective 
function. 
i) If f is increasing, prove that 
b d 
f (ea f 1a = td- ac. 


ii) If f is decreasing, prove that 


[лов [ rta = ee 


50. i) Let и: (O, оо) — R be a continuous function such that im. p(z) = 0. 
Prove that A 
lim e / e'u(t)dt = 0 

0 


Z-—oo 
ii) Let f : (0, 00) — R be an n-time differentiable function with the n-derivative 
continuous such that there exists 


lim >, chs (z) =A. 
1—00 k=O 
Prove that Jim f(x) exists and 


lim f(z) = А. 


51. Let f : [a,b] > [c,d] be a continuous function such that 
1 
25 / Year -e 
Prove that if c + d #0, then 


os 4 / I (2) 
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52. Let f : [a,b] —› R be a continuous monotonic function and let F: [a,b] NR. 
b 2 
F(z) = (2-0) / f(t)dt + (2-b) j ( dt. 
т a 
Prove that all values of F have the same sign. 


53. a) Consider the functions f: (O, оо) — R and g: [I, oo) — R such that 
1) g is differentiable with continuous derivative; 
2) f is continuous and the function h: [I, oo) + R, h(z) = g'(x) — f(9(z)) is 


nonincreasing. 
n 
a, = 2 h(x) 
k=1 
Prove that 
g(n+1) 
an-A) S | ^ farsa, п>1. 
g(1) 
b) Prove that 


54. Let a be a positive real number and let f : [0,1] — R$ be an integrable 
function. 
Evaluate 


lim (Ув — n) i 


k=l 


55. Consider the functions f.,: R > R, 
2 


sin 7 1 А 
FE , 2#0,2# 7, K S 
fn(z) = T 
1 А 
An, x; a ==. * S Z 
an, т=0 


for all integers n > 0. 
1) Find the numbers а„ such that f, is continuous on N. 
2) Find the number а» such that f, is a derivative function. 


56. Let p,q > 0 be integers. Find the numbers су such that fp, : R ~ R, 


is a derivative function. 
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57. Let q be a positive integer. Find the number a,,(g) such that fn : R + R, 


E 4 p 0 

foni atas wR 
an (d), z=0 

is a derivative function for any integer n > 0. 


58. 1) Let f: R — R be a continuous function such that 


„үт 
lim = f /(@@ = МОР. 
lul+oo y Jo 
Prove that the function 


0 — (2). = 


M(f), r=0 


is a derivative function. 
2) Let f : R — R be a continuous function with a period T > 0. Prove that 


1 t 1 = 
M(f)= jim f / fis т [ fis 
ү Т t 0 1 0 
59. If f : R — R is a derivative function, then is g : R — R, g(z) = |f(z)| also a 
derivative function? 


60. If fı, f» : R — R are derivative functions then f = max (fi, Ja] is also a 
derivative function? 


SOLUTIONS 


1. There are m functions M: B — B. Each of them can be extended in num 
ways to a function f : A — A which satisfies f(B) C B. 

Hence the required number is mu - n^77, 

(Dorin Andrica, Revista Matematică Timigoara (RMT), No. 1-2(1981), pp. 81, 
Problem С1:1) 


2. Let X, be a subset with q elements of X. Since Y has q elements, it follows 
that there are q! bijective functions g : X, — Y. Each of them can be extended in 
nue ways to a function f : A — A which satisfies Y C f(X). 


The number of subsets X, of X is (D. hence the requested number is (0 


Remark. If q > p, consider = 0. 


(Dorin Andrica, Romanian Mathematical Regional Contest "Grigore Moisil", 
2000) 


3. Since f(X) = X, it follows that f is bijective on X. There are k! such bijections 
and each of them can be extended in nu ways to a function F: A — A. Hence the 
desired number is xn K. 

(Dorin Andrica) 


4. We consider two cases. 

i) n € m. Let A, be a subset with k elements of the set A. There is only one 
function M: Ag — Аһ that has the property h(i) = i for all i € A+. This function can 
be extended in (m — 1)"7^ ways to a function f : A — B such that f(i) & i for all 
i S ANA 

The number of the subsets Ак of A is ( 
1. 

ii) m < n. Let B, be a subset with k elements of the set B. There is only one 
function h: В, — В, such that h(i) = i for all i € By. This function can be extended 
in (m — 1)™~* ways to a function g : B — B such that g(i) # i for all i € B \ By. 


n 


н) ‚ hence the desired number is M (m- 


235 
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Moreover, each function g can be extended in m"~™ ways to a function f : А — B, 
that clearly has exactly k fixed points. 
The number of the subsets B, of B is [2j hence the desired number is 


m n-m .q]m-k 
(ĩ) п (m - 1)"-7*. 
Therefore the number of functions f : А + B with k fixed points is (06 


1)”-* n S m and x mum (m — 1) & if m <n. 


(Dorin Andrica, Romanian Mathematical Regional Contest "Marian Tariná, 
2001) 


5. Using the inequality 


А 
ap +++ 24-1 T2 1. 1 n)“ 


for 
ai aa An 
=1+— =1+ —,. =1+— 
Ti re T2 T! Tn 7 
we obtain 2 e 
( 6 ee (143) > 
аз а 
1 a = 
> (5+ 2+2 + +2) 
nm- a2 аз а 
On the other hand, 
=: РЕ. ЗАНЕРО... s E 6. EL. РЕ 
а аз а 02 аз a1 


from the AM-GM inequality. Therefore 
т m m 
(1+2) +(1+2) ++ (142) — =п. 2", 
аз аз a1 n 
(Titu Andreescu, Revista Matematică Timigoara (RMT), No. 1(1974), pp. 7, 
Problem 1564; Gazeta Matematică (GM-B), No. 2(1976), pp. 65) 


6. We have 
n 
II +a) =k" + La + У amk"? T0105... 08. 
im] 


Using the AM-GM inequality gives 


у a1a2...a; 2 C (ie) 9 - (7) fla)". 
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From the previous relation we deduce 


ie Qi] O 


Zr (%0 (i - (= . [= б 


imi 


T ТЕ Mie o а) 
i=l і=1 


Using again the AM-GM inequality, we obtain 


DA +a) > (де 
=1 i=l 

(leere (2) 
i=l n =1 


(Titu Andreescu, Revista Matematică Timişoara (RMT), No. 2(1977), pp. 63, 
Problem 3045) 


7. First Solution. Since abc = 1, this non-homogeneous inequality can be trans- 
formed into a homogeneous one by a suitable change of variables. In fact, there exist 
positive real numbers p, 4,7 such that 
Р p=’, . 

q r p 
Rewriting the inequality in terms of p, q,r, we obtain 


(n-a-r)(a—r-p)(r—»-a) < par. (1) 


а= 


where р, 9,7 > 0. 

At most опе of the numbers и = р- 4+7, v = 9-7 +p, w=r—p+q is negative, 
because any two of them have a positive sum. If exactly one of the numbers u, v, w 
is negative, then uvw < 0 « pgr. If they are all nonnegative, then by the AM-GM 
inequality, 

vuv < 20 +0) =p. 
Likewise, //vw < q and уши < т. Hence uvw < pqr, as desired. 
Second Solution. Expanding out the left-hand side of (1) gives 


(p—q--r)(a—r--p)(r—p-«) = [p(p—r) + (r - a)(p— 4) + a(r — a) + palir + (a—»)] = 
pr) Tr -HD = H) Tre — q) + par + plp — т)(9 - p)+ 
+(r – aY(» - r)Y(a — р) + a(r — a)(a — р) + »a(a — р). 
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Note that 
pr(p — т) + ra(r — q) + pala — р) + (т — а)(р—-т)(@— p) = 0. 
Thus (1) is equivalent to 
0 € p(p — a)(p — r) + a(a — т)(9 — р) ^ r(r — р)(т — a), 


which is a special case of Schur's inequality. 
Third Solution. Denoting the left-hand side of the desired inequality by L, we 


have 
L- aL =b(a-1+ 5) e (o- 105) (e- 143) = 
b c a 
= (ab — b + I) (be - c + 1)(ca- a + 1) = L. 
Also, since 1/b = ac, 1/c = ab, 1/a = be, 


6) 965.95 


= (a — 1+ ac)(b - 1 + ab)(c — 1 + be) = Ia. 
If u a- 1+ 1/b € 0, then a < 1 and b 1, implying that 
v=b-14+1/e>0 and w=c-1+1/a>0. 


Then L = uvw < 0, as desired. Similarly, either u < 0 or v < 0 yields the same 
result. If u, v, w > 0, then all factors of Li and La are positive. The AM-GM inequality 


gives 
J@b-b+1)—1+ab) < 2600 — 6 +1) + (b— 1+ al)] = ab. 


Likewise, 
y (bc — e+ 1)(c — 1+ be) € be, 
y (са — a + 1)(a — 1 -- ac) < ca. 
Hence L = VTI I < (ab)(bc)(ca) = (abc)? = 1. 
Fourth Solution. Using the notations established in the third solution, it is easy 
to verify the equalities 
beu + vc = 2, cav-c-aw 2, abw + bu = 2. 
As in the third solution, we only need to consider the case when u,v,w > 0. The 
AM-GM inequality gives 
2>2cVbuv, 2 > 2а\/суш, and 2>2\/аши, 
from which uvw < 1. 
Fifth Solution. Let ui ab- b 1, vy = be—c+1, w, = ca—a--1; uz = 1—be+e, 
vz = I- ca +a, and we = 1— ab b. As in the third solution, we only need to consider 
the case in which ut, v; ш; > 0 for i = 1,2. Again, we have 


L = u,v, Ww, = ugvgw. 
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Let X =a+b6+cand Y = ab + be + ca. Then 
ч tu +w =Y¥—-X4+3 and uz +1 +0 = Х -Y +3. 


Hence either ui + v; + ш, € 3 ог ug + 05 + we < 3. In either case L < 1 follows 
from the AM-GM inequality. 
(Titu Andreescu, IMO 2000, Problem 2) 


8. Without loss of generality we can assume that a < 8 < y. Let z, y, 2 be three 
arbitrary numbers from the interval [a, b] such that z € y € z. Then 


E(z,y,z) - E(z,2,y) = (y - a)((z — 2)? — (y - z?)) 2 0, 
and 
Ela, . b) = aly — a)? + B(y – b)? + 4(b - а)? 
Elb, y, a) = aly — b)? + B(y — a)?  *(b — a)*. 
We need to find the maximal values of the functions 
filu) = aly — а)? + Bly — b)? 
and 
fa(y) = aly — b)? + Bly – а)? 
on the interval [a,b]. Since fi(a) = 8(b — a)? > a(b — а)? = fı (b) and the coefficient 
of y? in f; is a+ B > 0, it follows that the maximum value of f, is obtained for y = a. 
Likewise, f2(b) > fa(a) and the maximum value of fz is obtained for y = b. 
Therefore 


max Ela, y, b) = E(a,a,b) = (8 + y)(b — a}, 
y€[a,b) 


and 


max E(b,y,a) = E(b,b,a) = (8 + »)(b — а). 
yEla,b] 


It follows that the maximum value of E is (8 + 7)(5 – а)? and is obtained for 
z = a, y =a, z = ber z= b, y b, 2 = а. 

(Dorin Andrica and Ioan Raga, Revista Matematică Timigoara (RMT), No. 
1(1983), pp. 66, Problem C5:2) 


9. For a function f : {1,2,...,n} — {a,b,c} let Ma = f~} ((a)), M, = f"! ((b)), 
M, = f~*({c}) and let p, g, r be the number of elements of sets Ma, Mp, Ме, respec- 
tively. Obviously p +q +r = n and without loss of generality we may assume that 
p2q2r. 

A term |f(i) — f(j)| is different from 0 if the pair (i,j) is in one of the sets 
M, x My, My x Ma, Ma x Me, M, x Ma, М» x M, ог M, x Mi. Hence the number 


of nonzero terms in the sum >; | f(t) — FO) is 2(pq + ar + rp). 


Ж ЫЫ! 
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The problem reduces to finding the maximal value of 2(pq+gr+rp) when p+q+r = 
n and p, q, r > 0 are integers. 

Note that if (po, qo, ro) is a triplet that maximizes 2(pq--qr rp) then the absolute 
value of any difference of two numbers from this triplet is at most 1. Indeed, assume 
that pg — ro > 2 and define 


р = po- 1, i = , "77941. 
Then р + +71 = n and 
m pn + 4171 = (po — 1)go + (po — 1)(ro + 1) + qo(ro + 1) = 


= родо + рото + дото + Do — ro — 1 > Pogo + Poro + doro, 
which contradicts the maximality of 2(poqo + qoro + торо). 
We have the following cases. 
1) n = 3k. Then po + qo + ro = 3k, po > Go > 70 > Po — 1, hence ру = k and then 
Qo = то = К. 
In this case the maximal value is 


2 
2(k? + k? + к?) = 6k? = LM 


2) n = 3k + 1. Then po + qo + ro = 3k + 1, po > ф > To 2 po — 1, 80 Зро > 
3k + 1 > 3py — 2. Hence po = k + 1 and then ф = то = К. In this case the maximal 
value is 

2((k + 1)k + (k + 1)k + k?) = 2(3k? + 2k) = 305 cit 

3) n = 3k+2. Then po qo - ro = 3k--2, po > qo > ro > po— 1,80 3pp > ЗЁ+1 > 
Зро — 2. It follows that po = k + 1 and до ro = 2k + 1. Because k+1> qo 2 ro 2 К, 
qo = k +1 and rg = k. The maximal value is in this case 
n?-1 

3 


2 
Therefore the requested number is 2% if 3 divides n and 2 otherwise. 
Remark. The problem can be reformulated as follows: Suppose that n points in 
space are colored by three different colors. Find the maximum number of segments 
AB such that A and B are different colors. 
(Dorin Andrica and Pal Dalyai, Romanian IMO Selection Test, 1982; Revista 
Matematică Timişoara (RMT), No. 1(1982), pp. 83, Problem 4917) 


2[(k + 1)(k + 1) + (k + 1)k + (k + 1)k] = 2(k + D) (Bk + 1) = 2- 


п? – 1 


10. From the inequality 
VG Ey L(Y2 vel 4...4(YE- a 
(m - v) «(Jg - V9) e Qe v) 20 
it follows that 
vài + Yaa +--+ Vas < 
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рр. os LUN Vis 
32 ( + =) + (VE + уй + + 2] 
We have 1 
AUR = Jtt 
— . + ＋ 7 41) 
JE Tw аһ-1 + @п-—2 1 
e (e Jp) (ata) em < 
1 
S Fp (On + bct +0) + ( А) к-не Bh) 
dens e Fa) bh + Feb = Vii + Vin + ba, 
hence 
Ма + faa +++ Vän € V + Vba + Von, 
as claimed. 


(Titu Andreescu, Revista Matematică Timişoara (RMT), No. 201977), pp. 63, 
Problem 3046) 


11. By multiplying the numbers ai, az, . ., an with a suitable factor и — : 


a” 
i=1 


we may reduce the problem to the case when Y a? = 
i-i 
Assume without loss of generality that 
а= а Sa S Say. 


Let а = — and suppose by way of contradiction that 


%/5(п,р) 


min (az — 01,03 — a2,..., dn — @-1} > а. 
Then 
aj — a = (aj — 4-1) + (ai-1 — d-) +++» + (a2 - а) > (i- Ha, 


hence 


»» a? L ali — 1) 17. 
i=1 


i=l 


Consider the function y : R — (0, co), 


ole) = Sole + ali- D)”. 
i=1 
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Then & 
e (z) = 2p Y + ali 1)? 
m pi 
€" (x) = 2p(2p – 1) У = + ali Er > 0. 
{=1 


Because (r) is a polynomial of odd degree and y” (х) > 0 for all real т, it follows 


that y’ has a unique real zero: 
(1-л) 
7 ? 
The number то is also a minimum point of the function a 


Уа >а) = Y [e +ali- y'- a” (њр) =1, 


i=l 


To = 


a contradiction. 
Hence 


4P п 
i — a, < 2р 
„(ч a)" < S(n, p) N 
as desired. 


Remark. For p = 1 we obtain the Mitrinovié's 8 


2 
1 8 0710 54 


(Dorin Andrica) 
12. Note that 
(l1+2z)">1+ (2 


for all positive real numbers z. 
Setting т = уп — 1 > 0, implies 


my »1 (Y-. 


then 
Ai ()an- 1)*. 
It follows that 1 
TA > (Yn 2x 1 
(8) 
and then 


as desired. 
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(Dorin Andrica, Romanian Winter Camp, 1984; Revista Matematica Timigoara 
(RMT), No. 1(1985), pp. 72, Problem 1) 


13. a) Clearly, 


1 1 T 1 1 
1 1 sini 1 1 
à11 012 ose Q1,n-1 ап =0 
21 022 EE 02,n—1 а2 п 
Qn—2,1  Qn-2,22 +++ Gn—-2n-1  Ün-2,n 


Expanding the determinant after the first row yields 
Ay — Аз + Ag — Ag +--+: =0, 


hence 
Ay + Аз + Ag ++» = Аз + Ал + Ав +..., 
as desired. 
b) Consider the determinants 
1 1 1 1 
Ay = Tı Tk-1 Tkil Zn 2 
et... p М. a 


c) Set z, = k?, k = 1,2,...,n, in the previous equality. After some algebraic 
manipulations we obtain 


(кв 
EN Dizi "2$ 


as desired. 
(Dorin Andrica, Romanian Mathematical Regional Contest Grigore Moisil“, 
1995) 
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14. Let T1, T2,...,Zn > 0 be the zeros of polynomial P. The relations between 
zeros and coefficients yield 


0 and Xa ("). 


Then we have the equality case in the Generalized Mac Laurin's Inequality: 


m Y T123... m < pd "<р 
| Ст - \ Ch Е 


nA. 
hence z; = 29 = 2 Zn. From nz... Sm = (5). it follows that 2; = 1, 
i = 1,2,...,n, hence 
Р(х) = (z — 1)", 
as claimed. 


(Titu Andreescu, Revista Matematică Timigoara (RMT), No. 1(1977), pp. 24, 
Problem 2300) 


15. It is obvious that deg py = 0 and дер ру = 1. Assuming that deg py = k, from 
the given relation we obtain deg рь: = k + 1, hence by induction degp; = i for all 
#=0,1,...,п. 

Consider the function f: R — R, f(z) e. It is easy to prove that 

f(z) = 2^7*Q.(z)e*, 
where Q(z) is a polynomial with real coefficients of degree k. 
We prove that Q,(xr) = N () for all k. 
Note that Qo(x) = 1 — P (z) and 
* -G О, (z)e? = FO (x) = (f(z)! = (a"7*Q,(z)e*) = 
= oH) — k + z)Qu(z) Ol, 
hence 
Quai (ж) = (n — k + т)Оь(т) + 2Q; (т). 

Since (PR) 5 and (Оһ), „ох satisfy the same recursive relation and Py = Qo it 
follows that Py = @ь for all k. 

So 

f (z) = Pa(a)e*, 
and, on the other hand, 


n 
f) (a) = (к"е*)® = 5 Calan) Mer. 
k=0 
It follows that 


2 26, 1 
Pala) =a” + Rent 071, 


n-2 s.. 
1! 2 Ton 
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(Dorin Andrica, Revista Matematicá Timigoara (RMT), No. 1(1978), pp. 67, 
Problem 3293) 
16. We prove that 
P. (z) = —2nPa-1 (£), п> 0. 


Note that 
Pi (£) = -2 = -2-1- Po(z) 


and assume that 
P- i (r) = —2(n — 1)Pa—-2(£), n>2. 
Then 
Py(z) = —2®Р„-\(т) + Pa- (2) = —2®Р„-\(т) — 2(n – 1)Pn-2(2). 

Differentiating we obtain 

Pi (2) = –2Р,-1(2) – 22Р; (2) – 2(n – Р, (ш) = 

= —2P,_1(2) + 4(n — I) Par) – 2(n — 1) Par) = 

= —2P,_1(z) - 2(n — 1)[—2хР„—»(ж) + Far) = 
= —2P,-1(z) — 2(n — 1)Р,_1(2) = -2n HI (T), 


as needed. 
The initial relation becomes 
Palt) = -2zP4-i(z)((n—-l)P4 s(z, nEN,n > 2, 
80 
FP. (0) = –2(п – 1)P,-2(0), п> 2. 
Hence 


0 if n is odd 
B. (0) = | (-1)3 = i if n is even 
Alternative solution. Note that 
(e * Y? = Qu (z)e7*" 
for a polynomial Q,,. From 
lee e ^9 = Oele = 
= [Q (2) - 22Qn(a))e“*" = Qua (2)7*", 
we obtain 


Qn+1(2) = —2х0„(т) - Q(z), п>0. 
Since Qo(z) = 1 = Hr), we note that 


Qn(z) = Р(х) for all n > 0, 
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hence 
(e) = P, (z)e7*". 


On the other hand, 
2 4 в an 


co Sof CL +... (1) 


Yap 
If n is odd, then by differentiating the series (1) for an odd number of times, we 
deduce that P,,(0) = 0. 
If n is even, set n = 2m. Differentiating (1) n times yields 


eT =] 


(e = (ут) +2 * = 5 E 3 
hence 
P,(0) = C- 
Therefore 
0 if n is odd 


P,,(0) = IN if n is even 
(3)! 
(Dorin Andrica, Revista Matematicá Timigoara (RMT), No. 2(1978), pp. 76, 
Problem 3706) 
n 
17. Let P(z) — у ars" be a polynomial with nonnegative real coefficients. By 
k=0 
the Cauchy-Schwarz Inequality we derive that 


n 2 n n 
P(z) = » Vac vat) < Уа) Уо") = Р(1)Р(2?). 
k=O =0 =0 
It suffices to prove that P(1) < 1. Indeed 
n 
3 
nt 1+1 
as needed. 
Therefore P?(z) < P(x?) for all æ, so the equation has по real roots. 


(Dorin Andrica, Revista Matematicá Timigoara (RMT), No. 1-2(1989), pp. 107, 
Problem C9:8) 


18. If P =0, then for t = 0 and for any function f : R — R the claim holds. 
Let 


Р(х) = Y a2 
к=0 
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with an Æ O, and let t N. We search for a polynomial 
n+l 


Oelr) = ber 


k=1 
such that 
Q(z +t) —Q:(x) = Р(х), хє Е. 
Identifying the coefficients from both sides yields 


(1 ) . =e 


[ ы гь + (1) 0. = an- 


n+l) n+ Na. 
(Сар bagi ++ 1)® = ao 


Note that the system has unique solution, hence there is a unique polynomial Q, 
such that 
Qi(z + t) - Q(z) = Р(2), тєк 
Qi (0) = 0, 
and 
deg Q: = 1+ deg P. 
Set g(x) = f(x) - Qu(z). Then f satisfies the claim if and only if g(r--t) - g(r) = 0 
for all real z, i.e. g has period t. 
Therefore 
f(z) = Q:(z) + 9(z), 
where g is a function of period t. 
(Dorin Andrica, Revista Matematică Timişoara (RMT), No. 2(1984), pp. 103, 
Problem C6:10) 


19. Because 5а, 25 xo 24 xe € [—1, 1], there are real numbers х, y, 2, t, u such 


that 
&—2cosr, b=2cosy, c—2cosz, d=2cost, e=2cosu. 
Using the identity 
2 cos 5a = (2cosa)* - 5(2 cosa)? + 502 cos q), 
we obtain 
2cos 5a = a^ — 5a? + 5a 
and the analogous relations. Summing them up yields 


У`2сов5т = V^ a* — 5 La +5) a= 10 
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У) cos 52 = 5. 
Hence 
cos 52 = cos 5y = cos 5z = cos 5t = cos 5u = 1, 


v5-1 V5+1 


and therefore a, b, c, d, e € < 2, 2 2 
From the relation a + b+ c +d + e = 0, it follows that one of the numbers is 2, 
two of them 5 —. and the other two -W. tt is easy to check that for these 


numbers 2 a? = 0. 
(Titu Andreescu, Romanian Mathematical Olympiad - final round, 2002) 


E 


20. We will say that a subset of N is p-progression-free if it does not con- 
tain an arithmetic progression of length p. Denote by b, the number obtained 
by writing n in base p — 1 and reading it in base p. One can easily prove that 
an = b, for all n = 0,1,2,... by induction, using the following properties of the 
set B = Ibo, bi, . „bn, . .] (whose proofs we postpone): 

1° B is p-progression-free; 

2° If bi < a < b, for some n > 1, then the set {by,b),...,bn-1,@} is not 
p-progression-free. 

Indeed, assume 1° and 2° hold. By the definition of a, and b, we have аһ = b, 
for k = 0,1,...,p — 2. Let aj = by for all k < n — 1, where n > p — 1. By 1°, the set 


{ap,@1,-.-;@n—1, bn] = (hy 5,...,5.-1,5) 


is p-progression-free, so an < bn. Also, the inequality a, < bn is impossible, in view 
of 2°. Hence a, = b,, and we are done. 

So it suffices to prove 1° and 2°. Let us note first that B consists of all numbers 
whose base p representation does not contain the digit p — 1. Hence 1° follows from 
the fact that if a,a+d,...,a+(p—1)d is any arithmetic progression of length p, then 
all base p digits occur in the base p representation of its terms. To see this, represent 
d in the form d = p™k, where gcd(k, p) = 1. Then d ends in m zeros, and the digit 
6 preceding them is nonzero. It is easy to see that if a is the (т + 1)st digit of a 
(from right to left), then the corresponding digits of a, a -- d,. ..,a + (p — 1)d are the 
remainders of a, a + ĝ, .. ., a (p- 1)ó modulo p, respectively. It remains to note that 
a, a.. , ar (p— 1)ó is a complete set of residues modulo p, because 4 is relatively 
prime to p. This finishes the proof of 1°. 

We start proving 2° by the remark that bi < а < b, implies a $ B. Since 
B consists precisely of the numbers whose base p representations do not contain the 
digit p — 1, this very digit must occur in the base p representation of a. Let d be the 
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number obtained from a be replacing each of its digits by 0 if the digit is not p — 1, 
and by 1 if it is p — 1. Consider the progression 


a — (p— 1)d,a — (p - 2)d,...,a— d, a. 


As the definition of d implies, the first p — 1 terms do not contain p — 1 in their 
base p representation. Hence, being less than a, they must belong to (by, bi, .. , 54.1). 
Therefore the set (bo, bi, „ b, .1,a) is not p-progression-free, and the proof is fin- 
ished. O 

(Тим Andreescu, USA Mathematical Olympiad, 1995) 


21. i) For a bounded region M of the plane we denote by n(M) the number of 
points with nonnegative integral coordinates in M. 
Function f is increasing and bijective, hence continuous. Consider the sets 


Mı = ((r, y) S NIA S Sb, 0<у< f(z)}, 


М» = {(z,y) S | с<у<4, O SSF (%]. 
Мз = ((z, y) e RIO S «b, 0<y <d}, 
Ма = ((z, y) NO <z <a, 0<у< с). 


Then 
n(Mi)= >> Pe), n(Ma)= Y; (7-00), 
ask<b esk<d 
п(Мз) = [b][d], n.) = a(a)a(c). 
We have 
п(т1) +n(M2) — n(Mi N Мз) = п(М U М»), 
hence 


(MI) + n(M3) — п(Су) = n(Ms) - (A.), 


and the conclusion follows. 
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ii) Consider the function f : II, n] > h, — 


fa) = E. 


Function f is increasing and bijective. Note that п(Су) = n and f (z) = 


aoe EI. Applying formula i) we obtain 


ntl 


ki 
hence "ues 
7 - у Е 2 » 
2 [RE en- Li- 
k=1 k=l 
_ п2(п +1) е n(n-1) п(п +1) (2л +1) _ n(n? + 2) 


2 4 12 3 
(Titu Andreescu and Dorin Andrica, " Asupra unor clase de identități”, Gazeta 
Matematică (GM-B), No. 11(1978), pp. 472-475) 


22. i) Function F is decreasing and bijective, hence continuous. Consider the sets 
N, ={(z,y) eR|aszsbesys f(z)) 
№ = {(2,у) Є | с<у<4, a <z SF (v) 
Ns = {(2,у) E R| a <s <b, 0<у< с}, 
№ = ((r, ) Є RHS Sa, c< y <d}. 


Then 
> U(9) = п(№) + n(N3), 


a<k<b 


SO [£7 (&)] = n(N2) + n(N4), 


e<k<d 
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n(Ni) = n(N3), and 
n(Ns) = (el - a(a))a(c), nN = (d - a(c))a(a) 
It follows that 
У Len- Y E = nN) - (1) = 


ask<b esk<d 
= [bja(c) – [dja(a), 
as desired. 
ii) Consider the function f: [I, n] II, na], 
2 
уа) = 25 
Note that f is decreasing and bijective and 
f(a) = ——. 
Мт 


Using formula i), we obtain 


x H > = na(1) - n'a(1) = 0, 
hence п [42 п? 
[ЕА]. e 
as desired. 


(Dorin Andrica and Titu Andreescu, Gazeta Matematicá (GM-B), No. 6(1979), 
pp. 254, Problem 0.48) 


23. It is easy to prove that between numbers а > b > 0 such that /a — vb > 1 
there is a perfect square - take for example ([у/®] + 1)?. 
It suffices to prove that 


Мав утла m ER, 
This is equivalent to 
my +++ +m + паці > (1+ Vm na na) 
and then 
Пйт+: N 1＋ 2 na n, т>1. 
We induct on m. For т = 1 we have to prove that n; > 1+ 2,/m. Indeed, 


nz >m+2=1+(1+n1) > 1+ 24/11. Assume that the claim holds for some m > 1. 
Then 


ni — 1 > 20 +--+ +m 
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во (паі — 1)? > 4(п +++: + Mm) hence 
(nmi +1)? > 4(m +--+ nma). 
This implies nm41 +1 > 2,/mi nul, and since ng43 — m 2 2, it follows 


that 
Tim42 > 14+2 f/m nm; 


as desired. 
(Titu Andreescu, Gazeta Matematică (GM-B), No. 1(1980), pp. 41, Problem 
0.113) 


24. Substituting ть. = 22 — 2 in the relation 


ип пф — Untn = 1 
yields 
tind? — UnTn — (2un -1)— 0, п>1. (1) 
For a given n > 1 the relation (1) is a quadratic equation with integral coefficient 
and with an integer root £n. Hence the discriminant 
A = 02 + 8u2 + un = Ё, 


is a square, as desired. 
(Dorin Andrica) 


25. Let (an)n>1 be a sequence of real numbers. From the equality 


n 


Den = eh IA . r V... ||<1, п>1 
we derive 
oo ах" oo А 

2: 1 - т" E: 2 Ant , 

n=l п=1 
where 

An = Daa. 
din 
Using Gauss’ formula = (d) = n, yields 
din 


p(n) 
5 


I 
Setting т = 2 implies >, 


(Dorin Andrica) 


26. We start with a useful lemma. 
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Lemma. There are gcd(k,n) — 1 integers among 
маа шев 
C 


Proof. Let gcd(k,n) = d, k = kid, n = nid and note that gcd(k,,n,) = 1. The 
numbers are 


1:m PEE (k — 1) 
ES PES te ee = 


The number of multiples of xi in the set 1,2,...,k — 1 is d — 1, hence among the 
above numbers there are d — 1 = gcd(k, n) — 1 integers, as desired. 
The line OA, has the equation 


From the lemma it follows that among numbers 
1:n 2-n (k — 1)n 
E X Ex $1.93 ш za 
there are gcd(k,n) — 1 integers. Hence the open segment OA does not contain points 
with integral coordinates if and only if gcd(k,n) = 1. There are y(n) such numbers 
and we are done. 

Remark. An alternative version of this problem can be: "A hunter stays at the 
point O in a forest where the trees are placed at points with integral coordinates. 
Deers stay at points A0, A1, . . „ An 1. How many chances of success has the hunter?" 

(Dorin Andrica) 


27. We have 
оо V + N Yan = CAO T VOY | 


= 279(Y2 + V4 + 2)" =2-%(1+(1+ V2 - V4)" = 
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2 * 3 ) . va» = n ) (an + on +047), 


т 
D 


hence 


= = n 
Gn + b, V2 + c, VÀ = 2 3 (Doe 


+ (г! £ (9) y (r* 3 (i) a) Va. (1) 


We study three cases. 
i) If n = 0 (mod 3), then 273 € Q, hence 


(Hage. "EG ) . be. * () -. (1) 


ii) If n = 2 (mod 3), then 275" є Q Multiplying the relation (1) by 2$ = J, 
we obtain 


an VÀ + 2b, + 272с„ = 2 у oe 


«(rm EQ») + (E (a) в (2) 


k=0 
then 
n 
Р (i) a, = bn, 22 Y^ (0 =%,, 279 > (Ha = 2а 
k=0 k=0 
Hence 


кз (а= NRK в SO "S x 00 г (11) 


iii) if n = 1 (mod 3), then 273" є Q By multiplying the relation (1) by 2% = 
V, we obtain 


an V2 + bn VÀ + 2c, = 273 > o 


EE 0) o 


k=0 k=0 
then 
eee. che- = (Jens 
Непсе 
273 = (% cn, 27% 2 (0 = vr T3 > (00 = 92 (Ш) 
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Relations (I), (II), (III) imply 
n=0 (mod 3) 
P as = = 592 n=2 (mod 3) 
de л=1 (mod 3) 
п= 0 (mod 3) 
7). - um n=0 (mod 3) 
vr n=1 (mod 3) 
n O (mod 3) 
үсе 
nv ud n=0 (mod 3) 
= a "= 1 (mod 3) 
(Titu Andreescu and Dorin Andrica, Revista Matematică Timigoara (RMT), No. 
1(1984), pp. 83, Problem C6:3) 


28. Note that (VZ + 3)" = an + bnV2 + c, V3 + уб, n > 1. Let л = 2k and 
za Ils + 2V6)* + (5 - 2v6)*] 


ук = 5 Vals + 2V6)* — (5 — 2/86) e]. 


Then 
(V2 + V3)?* = Th + ys V6, * 2 1, 


hence 


m 


s = f, bn = Cn = 0 and d, = yẹ. 
(VE + ИЗ) = (VÀ + VS (V3 + УЗу® = (y + 3y) VÀ (ть + 2y) S, 


for all k > 1, hence 
an = 0, bn = fui + 3ya-1, 
Cn = 2351 + 2021, d, = 0 
(Dorin Andrica) 
29. We have 
f(p,q) = }(р- 1,4) +р-1 = 
= f(p- 2,0) + 0-2) + (р-1) = += 01,0) 9 - 
= ъа) +(@-1)+ 90D =... = 


se- d(q—1) = 2001 
; 


= f(1,1) - + 
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Therefore 55 
F 
(p — a)(p +q — 1) =2- 1999. 
Note that 1999 is a prime number and that p — q < p +q — 1 for p,q Є №. We 
have the following two cases: 
(a) p—q = 1 and p + q — 1 3998. Hence p = 2000 and д = 1999. 
(b) p—q = 2 and p +q — 1 = 1999. Hence p = 1001 and д = 999. 
Therefore (p,q) — (2000, 1999) or (1001, 999). 
(Titu Andreescu, Korean Mathematics Competition, 2001) 


30. The only solutions are f(x} = O, f(z) = х, and f(z) = —z. First, it is clear 
that these three are solutions. Next, setting z = y = z = 0, we find f(0) = 3(7(0))°, 
the only integer solution of which is /(0) = 0. Next, with y = —z and z = 0, we 
obtain f(0) = (f(z))* + ((—2))* + (7(0))°. This yields f(-x) = – f(z), so f is an 
odd function. With (x,y,z) = (1,0,0), we obtain f(1) = (/(1))* + 2(/(0))* = f(1)5; 
thus f(1) € (—1,0,1). Continuing with (z,y,z) = (1,1,0) and (z,y,z) = (1,1,1) 
yields f(2) = 2(f(1))* = 2f(1) and f(3) = 3(f(1))* = 3f(1). To continue, we need a 
lemma. 

Lemma. If z is an integer greater than 3, then z? can be written as the sum of 
five cubes that are smaller in magnitude than 28. 

Proof. We have 4° = 3° + 33 + 23 -- 13 -- 13, 5° = 4° +43 + (—1)9 (1) + (-1)8, 
63 = 53 + 43 + 33 + 0? + 03, and 73 = 65 + 52 + 13 +15 + 03. If z = 2k +1 with k > 3, 
then 

z? = (2k + 1)% = (2k — 1)? + (k +4)? + (4 — k)? + (-5)* + (-1)%, 
and all of (2k — 1,k + 3,|4 — K], 5, 1] are less than 2k + 1. If z > 3 is an arbitrary 
integer, then write z = my, where y is 4 or 6 or an odd number greater than 3 and m 
is a natural number. Express у? as yj + y3 + y3 + уў + yg. The number z? can then 
be expressed as (тут)? + (mya)* + (mys)? + (my4)? + (mys)*. О 

Since f is an odd function and f(1) € {-1,0, 1}, it suffices to prove that f(z) = 
zf(1) for every integer т. We have proved this for |z| < 3. For z > 4, suppose 
that the claim is true for all values with magnitude smaller than z. By the lemma, 
** = z1 23-23 - 1-23, where |2;| < т for all i. After writing z?--(—74)?-- As) = 
x? +23 +23, we apply f to both sides. By the stated condition of f and the oddness 
of f, we have 


(O- (Ga) — GG? = GG) H H. 
Therefore, the inductive hypothesis yields 


5 5 
(/(®))® = У (f? = G0) 3521 = . 
121 
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Thus f(z) = 2f(1), and the result follows by induction. 
(Titu Andreescu, The American Mathematical Monthly, Volume 108, No. 4(2001), 
pp. 372, Problem 10728) 


31. Assume by way of contradiction that the distance between any two points 
is greater than or equal to 1. Then the spheres of radius 1/2 with centers at these 
1981 points have disjoint interiors and are included in the cube of side 10 determined 
by the six parallel planes to the given cube's faces and situated in the exterior at a 
distance of 1/2. It follows that the sum of the volumes of the 1981 spheres is less than 
the volume of the cube of side 10, hence 


3 
4m - 2 a 
1981- = 1981. 6 > 1000, 


3 
a contradiction. The proof is complete. 
Remark. The pigeonhole principle does not help us here. Indeed, dividing each side 
of the cube in [1/1981] = 12 congruent segments we obtain 12° = 1728 small cubes 


of side 3 = 1 In such a cube there will be two points from the initial 1981 points. 
The distance between them is less than 2,3 which is not enough, since 1v >1. 


(Titu Andreescu, Revista Matematică Timişoara (RMT), No. 2(1981), pp. 68, 
Problem 4627) 


32. Note that 
. 63 63 
>: In, — k| = Yen — k), where e, € {—1, 1}, 
k=1 k=1 
hence 


63 
S = Y |n, - k| = 463 + 634 624 624 4242414 ˖, 
k=1 
with 63 signs of + and 63 signs of — Then 


S < (63 + 63 + 62 + 62+... +33 + 33 + 32) – (324+31+31+---+1+41) = 1984, 


as desired. 

Remark. We prove that, for some labeling, S = 1984. It is known that a knight 
can pass through all the 64 squares of the board only once and then come back to the 
initial square. Now label the squares from 1 to 64 in the order given by these knight 
moves. The free position can be made successively 64,1, 2,...,63,64,... so we can 
reach the situation n; = 32, no = 33,..., na; = 63, nsa = 1, пз = 2,..., neg = 31. 
For this diagram we have S = 1984. 

(Titu Andreescu, Revista Matematica Timigoara (RMT), No. 2(1984), pp. 103, 
Problem C6:6) 
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33. Note that 
Fon42 — ЗР = Fang: — 2F on = Fon-1 — Fan = —Fan-2, 
hence 
ЗЕ — Fon+2 — Fo,-2 = 0 (1) 
for all n > 2. Setting a = 3F on, b = —Fan42, and c = - Fꝛn-2 in the algebraic identity 
аЗ +b? + с? — 3abc = (a + b + c)(a? + 02 + c? — ab — bc — ca) 
gives 
27 Fan A Fia ez ЕЗ. - 9 Fanz Fan Fan-2 =0. 
Applying (1) twice gives 
Fan42Fon-2 — Fin = (3Fon — Fan-2)Fan-2 – Fin = 
= Fon(3Fan-2 — Fan) — F2, 2 = FanFon-4 — Din-2 = 
=.. = Ff — F? =I. 
The desired result follows from 
9F an+2FonFan-2 — 9F3, = 9Fon(Fan42Fon-2 — Fin) = —9Fan- 
(Titu Andreescu, Korean Mathematics Competition, 2000) 
34. Let r be the ratio of an arithmetic progression. We have 1+r(k — 1) € n, so 
^ —. t follows that the maximum ratio is g = 0—7 


Let r € (1,2,...,q) and let a, € {1,2,...,n} be the greatest first term of à 
progression with ratio r. Then 


rs 


a, +(r—1)k<n, (1) 
so a, is equal to the number of arithmetic progressions of ratio r from the set 
{1,2,...,n}. Hence 

Nin, К) = а +02 ++ a4. 
Because a; = n — k +1, using (1) gives 
N <a, +n—k+n—2k+---+n—-(q-lk= 


=ng—k+1-R(1+24---+(q—1)) п-в A1 


T k 
"UT nt, 971 1— K. 
It suffices to prove that 


2 
q k irat ы 
* (2) 1 k< 27 (5) 
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which is equivalent to ates < А-1 ? This inequality is clearly true, so we are 


2 2 
done. 
Alternative proof. Note that n > k > 2. The arithmetic progressions with k terms 
and ratio r = 1 are 
LE. 


2, 3. „4 71 


n — (k — 1),...,n 
so there are n — k -- 1 such progressions. 
The arithmetic progressions with k terms and ratio r — 2 are 


1,3,...,2k - 1 
2,4,...,2k 


n — 2(k — 1),...,n 
80 a total of n — 2(k — 1) progressions. 
It follows that 


q 
№ = Y [п - d(k 1)), 


d=1 


where q is the greatest ratio of an arithmetic progression with К terms from the set 
{1,2,...,n}. We have proved that q = 210 hence 
2 — 
№ = $ (n — d(k 10) = nq — q(q + 1)(k-1) 
2 

d=1 
It suffices to show that 

(k 2)42 +kq+2-2k>0. (1) 


The roots of the quadratic polynomial from the left-hand side of the inequality 


тт 2(k — 1) 
h=— 5 ade I. 


Note that ф < 0 for k > 2. Since q = Е - ; 2 1, the inequality (1) is true for 
all k » 2. If k — 2, then is easy to check that the claim holds as well. 

(Titu Andreescu and Dorin Andrica, Revista Matematicá Timigoara (RMT), No. 
1(1982), pp. 104, Problem C4:2) 


35. Denote by P(x) the (unique) polynomial of degree n such that 
P,(k) = Fy for k=n+2,n+3,...,2n + 2. (1) 
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We are going to show that P,(2n + 3) = Баз — 1 for all n > 0. 
Clearly, Po(z) = 1 and the claim is true for n = 0. Suppose it holds for P,-1(z), 
and consider P. (r). The polynomial 


Q(z) = Р„(ж + 2) — Р(х + 1) 
has degree at most n — 1. In view of (1), 
Q(k) = Pa(k + 2) – Pa(k +1) = Faso — Рен = Fe 
for each k = n+1,n+2,...,2n. Therefore Q(z) and P, (х) agree at n distinct points, 
and hence Q(x) = Pi (z) for all т. In other words, Pa(s +2) = Pa(z--1) + Pa-1(2) 
for all х. Combined with the inductive hypothesis P», 1(2n + 1) = Рыф: — 1, this 
implies 
B (2n +3) = F2n42 + Fangs 7 1 = Fans — 1. 
(Titu Andreescu, IMO 1983 Shortlist) 


36. For an arbitrary integer n we have 
Tni = ат д + [D (1) 
rn = ATn-1 + ÊTn-2, n22. 

This is a system of linear equations with unknowns о and 8. The solutions are 


AQ _ ZnZn-i— Zn41Fn-2 


а = — 
A zi — InIn—2 
and : 
NUT | 48 n — Sn-1Zn41 


——— — 

A 11 — ZnIn-2 

Since a and — are constant, the conclusion follows. 
(Dorin Andrica) 


37. Let A, an — @л—1 for п > 2. Because 


1 € 
алы = pt an +а 1+5 OR Rua) 


and 
an = 10 + Qn-1 + Qoa ua 
we have 
Алы = ЦА, + MIA iT MA A) (1) 
where 


№ = Gn-1 + аһ-2 


k-2 = = 
Àk-1 = 0 Rag toc n-k420h 944 + n 
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Note that a; = @ = «++ = ар = 0 implies a, > 0 for n > k, so 
XI, А, ...,А-1 2 0. 
On the other hand, А, = Аз = ..., 4,1 = 0 and from relation (1) it follows 


that A, > 0 for all n > k. Hence the sequence (a4)5»4 is increasing. 
We prove that a, < 1 for all n > 1. Assume that 


anz, an-, an < 1 


ал+1 St . 


since b < 1. 

Therefore the sequence is upper bounded, so is convergent. 

Let = = lim an. Then 

n—co 
261 4 gh? d (K- 1) += 0 (2) 

If b = 0, then a, = 0 for all п > 1, hence т = 0. 

If b € (0,1), we prove that the equation (2) has a unique solution in the interval 
(0, 1). 

Let f : [0,1] > R, 

f(z) = 297! + 257? e z* (E- zb. 
Then f(0) =b, f) =b-1, 
1(0)/1) = b(b — 1) < 0 
hence the equation (2) has an odd number of solutions in the interval (0, 1). The 
function f is twice differentiable and since 
f"(z) -(k-1)k-2)57 3-2» 0, ze (0,1), 


f is concave up on (0, 1). It follows that equation (2) has at most two solution in (0, 1) 
therefore the conclusion follows. 

Remark. The claim that equation (2) has a unique positive solution it follows 
from 

FOF) = b(b — 1) « 0 

and from the fact that f(z) = z*-! + z*-? +... + 2? — (k — 1)z +b has a unique 
variation of sign (Descartes). 

(Dorin Andrica, Revista Matematicá Timigoara (RMT), No. 1-2(1979), pp. 56, 
Problem 3866) 


38. From the relation iii) we obtain 


ani — an Баі bn 
— + = 
ал b, 
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then 8 " " 
+1 — n 
=-—, пр 1. 
bn+1 zx bn bn = 
Using ii) yields 
A2 eax ап+і — On 


On the other hand, by the Stolz-Cesaro theorem we have 
3 Anti -an _ », On 
cct 8 
It is easy to see that relations (1) and (2) imply 


"wc "oct 
EIC 


(2) 


as desired. 
(Titu Andreescu, Revista Matematicá Timigoara (RMT), No. 1(1978), pp. 69, 
Problem 3304) 


39. Consider the determinant 


0 & & ... 4 
431 О 22 ... Ев 
A(51,21,...,24) =| ж яа %O ... Za 
Tı Z2 Z3 ... 0 
Note that 
A(0,29,..., 2n} = 4(21,0, 28, . . , %% - =A(z1,22,-..,2n—1,0) = 0. 


Moreover, if 21 + 25 4. +2, = 0, then A(z;,22,...,2,) = 0, therefore 
A(zi,z2,..., Zn) = 02122... Zn(z1 T2214 Tn), 


for some real number a. By identifying the coefficients of 1222... тп from both sides 
we obtain a — 1. 


Hence 
чен = Uy... (ui . +R), k 2 2. 
We have 
. Uk4-l Uy + uz uk 
1+щшщ...иь=1+-————————— 
е ттт 
then 


щ + Ug + +++ + Und 


n 
1+ u... tk) = 
II. ) uj T us 
Since uz = —u?, we obtain 


m TP Unyi 


1 n 
— 1+u,... = 
n II. == nui(1— ui) 
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Let u = lim un and note that 
noo 


lim —u 
n-oo 
It follows that 
u 
Jim 5 Па+ te) = тш): 


(Titu Andreescu, Revista Matematică Timigoara (RMT), No. 2(1978), pp. 52, 
Problem 3533) 


40. Let a = lim 2" and let e > 0. There is an integer n(£) > O such that 
п-+со b, 


k+1 а, k+1 
ot "байыды Т” т for n > nie) 
Since b, > 0 it follows that 
ab, — ere bn for all n > n(e). 
Then 
alba i — bn) — ie. + bn) < а — 05 < 


< a(bn41 - bn) + 271 Eny +bn), 
and, dividing by bn — bn > O, we obtain 


К+1 bai tbn anti- an Eti bat + bn 
. 2 care.... 
k — 1 Бн bn н bn ET NE E we — bn 


a-é 


for all n > n(£). 
From relation ii) we deduce 


hence 
dcc mE On <a+e for all n > n(e) 
bn+1 5 bn 
Therefore 
йлы - an Сх On 
S uer vestig вр 
as desired. 


(Dorin Andrica, "O reciprocă a teoremei Stolz-Cesaro gi aplicații ale acesteia”, 
Revista Matematica Timişoara (RMT), No. 2(1978), pp. 6-12) 


41. Let zı = k+ Vk? 41 and то = k — Vk? + 1. We have 
1 


TH Tx 
нт 272 
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ses 


I IN 53 
pest 1 (3) -1<an f() ＋ 140A ＋ 22 +1 


Hence 


2 2 
for all n > 1. The identities 


PH ap = (шту + 22) (TT +23) — niz(21 5 +237") = 


= 2k(2? + 28) + (277! +27"), п>1 
show that z? + z7 is an integer for all n, and since an is an integer, it follows that 
an = zT + 22 for all n > 0, and that any; = 2kay + аъ: for all n > 1. 


Then 
1 1 2kan 1 andi - an- 


z е — = — > 


Qn—10n+1 26 Qn-1Gn@n41 2k Gn—10n@n+i 


К 31 1 1 ) 
M a, -% an 


and 
. 1 
£4 Gn-10n41 2k (= y as) : 
Therefore 
. ee od 
>; Qn-10n41  2kaga; 8k? 
(Titu Andreescu) 


42. Assume by way of contradiction that f(zo) # 0 for all х є R. Clearly, 
f (P) (z) = 0 for all integers p > 0. For p = 0,2,4,...,2(n — 1), we obtain 


sinajz + зіпаох +- + sinant = 0 
a? sin a1 + аў sin d . + а sin an = 0 0 


a- 


ai" sin a1 + a2" sin a2 +--+ + sin anr = 0, 


for all z € R. 

Consider a number т such that at least one of sin аут, sinasz,..., sin anæ is not 
zero. Then the homogeneous system of linear equation (1) has a nontrivial solution, 
hence the determinant is zero: 


1 1 c 1 
a? ES 2 
A, = 1 а2 an = [J (a? - а) =0. 
ar-) a2("-1) aa 1 7 
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It follows that аў = aj for some k # l i.e. |а| = |а|, which is a contradiction. 
The solution is complete. 


(Dorin Andrica, Revista Matematica Timigoara (RMT), No. 1-2(1980), рр. 69, 
Problem 4148) 


43. Assume by way of contradiction that д: R — R, g(x) = sin f(z), is periodical. 
We have g'(z) = f'(z)cos f(z), and since f and f' are continuous then 9“ is also 
continuous. 

Note that if g is periodical, then g' is periodical. Moreover, 9 is continuous, so it 
is bounded. 

Consider the sequence y, = (4n + 1)5, n > 1. Function f is continuous and 
Jim In = oo, hence f(z,) = y, for n sufficiently large. 

Then g'(z4) = f'(zn) so 
im, g'(za) = lim f'(zn) = oo 

which is a contradiction, since g' is bounded. This concludes the proof. 

(Dorin Andrica, Revista Matematicá Timigoara (RMT), No. 2(1978), pp. 54, 
Problem 3544) 


44. i) Let f be injective and assume by way of contradiction that a is rational. 
Hence there are integers p,q with a — : and gcd(p, q) = 1. 


Then f(q) = f(2q) = O a contradiction. Therefore a is irrational. 

Conversely, let a be irrational and assume by way of contradiction that f(m) = 
f (n) for some integers m /n > 0. Then (am) = (an) so am — [am] = an — [an]. We 
obtain 


which is a contradiction, and the conclusion follows. 
ii) Let p,q be relatively prime integers such that a — " We have 


s(n) = {an} = {2}. 
By the division algorithm, there are integers g and r such that 
n tg Tr., r€(0,1,2,...,4- 1). 


j= [E880 - fw P) {I - r0 
We prove that f (0), (I). . , /(9 — 1) are all distinct. Indeed, if f (i) = f (j), then 


916 


Then 
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I follows that ÉP is an integer. Note that (p,q) = 1 and |i — j| < q, hence 
i- jb, so ij. 
Therefore 
1 2 q-1 
M ={f(0), /,... f (a - 1 = [o2 5... ect) 
{f(0), 701), ., f(a - 1) e 7 


since M has q elements. 
(Dorin Andrica, Romanian Winter Camp, 1984; Revista Matematicá Timigoara 
(RMT), No. 1(1985), pp. 67, Problem 3) 


45. Assume by way of contradiction that there is a number t > 0 such that 
glz +t) = 9(2), z€R 
Then 
f(z +t) + f(z0 to) = f(z) + f(z09, тє Е, 
hence 
f(t) + f(t8) = 2/(0) = 2M. 
From the relation iii) it follows that 
f(t) = f(t@) = M 
and then 
t=kT and tł= kT, 
for some integers ki, æ2 * 0. This gives 


kp 


к= 


€Q, 
a contradiction. 

(Dorin Andrica) 

46. We start with an useful lemma. 

Lemma. If 0 is an irrational number, then the set 

M = (m8 + n| m,n integers} 

is dense in R. 

Proof. We prove that in any open bounded interval J C R\ {0} there is an element 
of M, i.e. JNM Æ 0. Let J be such an interval and without loss of generality consider 


J C (0, oo). 
There is an integer n(J) such that 
1 
— J C (0, 1). 
ag; € 90 


We consider two cases: 
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1 
1. Ji = a with O Ce =I. 
Let N be an integer such that x < £ and consider the numbers 
(0), (20),..., (N6). 
There are p,q € (1,2,..., N, N +1} such that 


0< {р#}- {40} < 5 
On the other hand, 
{p9} — {40} = [48] – [р8] + (p – 40 € M, 
hence Jı N M Æ 0. It follows that n(J)({p@} — (q0)) € JN M, as desired. 
2. л = -7J = (a,b) with O<a<b<l. 


(J) 
Then 0 < b — a < 1 and by case 1), there is c € M such that 0 < c < b — a. 


Let 
a 
no fel +1. 
Then a < noc < b and noc € M N Jı. Likewise, J N M # 0, as desired. 
The lemma is now proved. 
a) Let A € [шр He) mas fa). Hence there is то € R such that f(zo) = А. 
=z т 
From the lemma we deduce that there are sequences (z5)5»1 and (un) ng such that 
im (tn + ynT) = zo. 
The function f is continuous, so 
lim f(z 1. T) = f(z0) =A. 
Note that f(z, + y, T) = f (£n), therefore 
Jim (en) = А, 
as desired. 

b) Let @ be an irrational number and consider the function g(z) = f (z0), z € В. 
The number 7 is irrational and a period for the function g. Using the result from a), 
there is a sequence (an)! of integers such that 

= lim g(tn) = lim f(62n), 


as desired. 
(Dorin Andrica, " Asupra unor șiruri care au mulțimea punctelor limită intervale”, 
Gazeta Matematică (GM-B), No. 11(1979), pp. 404-406) 


47. i) Let u = z +y = 2 +v and assume that 2 < y and z < v. Then we have 
243.2 gy7u-zandv-u-z. 
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Suppose, by way of contradiction, that there is a number À > 1 such that 
т^ TY = zA. 
Consider the function f : (O, u) — (0, ос), 
f(t) = + (u - t), 
and note that f is differentiable. We have 
fit) =P - (u- 1^7], гє 00, v), 


and since A > 1, it follows that f is increasing on (o. z) Both z,z are in (o. 3] 80 


f(z) # f(z), because z # z. This implies z^ + y^ # z^ +v*, which is a contradiction, 
ii) Because p is a prime, by Little Fermat’s Theorem we have 


a?P—azb-bzc-czd'-—dz0 (mod p), 
hence 
—(a? - a) + (b? — b) - (c? — c) + (4 — d) 80 (mod p). 
From a? + b? = c? + d”, we deduce that 
а-с+Ь—4=0 (mod p) (1) 
By i) we note that a+b Æ c + d, therefore 
la-e*b-d >р, 


and then 
la — c| + |b - d| >р, 
as desired. 
(Titu Andreescu, Revista Matematică Timişoara (RMT), No. 2(1978), pp. 55, 
Problem 3550) 


48. i) Consider the function q : (0,00) > R, 


y(t) =tlnt-t. 
The Mean Value Theorem yields 
| y(z)- yy) _ 
"ic. еМ (8) 


for some @ € (y, x), then 
zinz-ylny-z*ty ing. 
r-y 
It follows that 
** 
n —— 
yver—¥ 


1 = n67 
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and so - 
d 
The inequalities y < 8 < z, imply 


(ey)*"* < 75 < (ex)*~¥, 


as desired. 
ii) Setting z = k + 1 and y = k yields 
ek (k 4- 1)* 
ini: m ^5 k>0. 


Multiplying these inequalities from k = 1 to k = n gives 
e? 2.3?. 43. . . (n ＋ 1)" 


— M— — ea аш ео Иш n 
"l^ x39. СС! 
and then 
БРЕ. AUR, gnis 
(n1)! ^ n! ^ (n- 1)" 
Hence i ys 
n+ n+ 
suc ж 166 
SMS 
as claimed. 


(Dorin Andrica, Gazeta Matematicá (GM-B), No. 8(1977), pp. 327, Problem 
16820; Revista Matematicá Timigoara (RMT), No. 1-2(1980), pp. 70, Problem 4153) 


49. i) Note that f is bijective and increasing, therefore f is continuous. 
In this diagram, we have 


Ce / "fd, L= f " f (odt, 


hence 


$1 + Se = bd ac, 


as desired. 
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ii) Again, f is continuous and the diagram shows that 
Sı - 5 = (b — a)c — (d- ca = bc — ad, 


as desired. 


(Dorin Andrica, Revista Matematicá Timigoara (RMT), No. 1(1981), pp. 62, 
Problem 4363) 


50. i) Let e > 0. There is б; > 0 such that |u(t)| < £ for all t > б; and there is 
62 > 0 such that 


e cte 5 т> ĝa. 
[ешо 
0 
For 2 > 6 = max(é;, 5з), we have 
* 1 z 
e7” ri “юа f ma ji e|u(t)|dt e f e*|u(t)|dt < 
0 0 ё: 


« € Teese — е) < 2e, 


and the conclusion follows. 
ii) We start with the following lemma. 
Lemma. If  : [0, оо) is а differentiable function with continuous derivative such 
that 
Jim (p(z) + ¢'(z)) = а, 
then the limit im Hr) erists and equals a. 
Proof. Without loss of generality we may assume that y(0) = 0. 
Define ш: (0,00) + R, w(t) = y(t) + v/ (t) — a. Function w is continuous and 
jim w(t) = 0. 
Note that 
(et lt); = e'a + e'u(t), 
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then * 
plr) = е®а—а+ Í e'w(t)dt, 
by integrating on [0, z]. 
It follows that М 
ф(х) a = +e" f ett) dt, 
e? 0 


and from i) we obtain 


Jim p(z) = 
Denote x 
102) ( 
>, (0 % 
and note that 


Ím(z) = }т-1(®) + fm-i(z), т> 0. 
Using the lemma, Jim, fa(z) = A implies 
Jim fn-1(2) = А. 
Applying the same argument, we finally obtain 
Jim fo(z) = lim f(z) = 
as desired. 


(Dorin Andrica) 


51. Note that 
(f(z) - (F(z) - d) < 0 


f(e) ^ed & (c-d)f(z), = є [a,b]. 
Then 
[ f?(x)dx + (b — a)ed € (e+ af f(z)dz, 
and, since the left-hand side is 0, by hypothesis we obtain 


0<(c+d) [ f(z)dz, 
and then 


1 b 
< — М 
<q / Ich. а) 
On the other hand, 


(ro - 5 cd 


) FH esae) FP ee 
Then b 2 b 
| f - 2 (еа [ ris, 
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80 
1 (с +4)? iy 
ggg G- cel 6-9 - 2544 / f(z)dz. 
Hence : р 
b-afe-d 1 
zu 2. / Ieh. @) 


From (1) and (2) the conclusion follows. 
(Titu Andreescu, Revista Matematica Timişoara (RMT), No. 2(1986), р pp. 76, 
Problem 6004) 


52. By the Mean Value Theorem there are numbers c, € (z,b) and с, € (а, х) 

such that 
F(z) = (x — a)(b — z) f (c=) + (x b - a) f(c,) = 
= (ш — a)(b - 2)[f(ce) - /(с„)]. 

We have c} < с, for all z € [а, 5). Since f is monotonic f() /(с,) has constant 
sign on [a, b]. Moreover, (z — a)(b — ) > 0 for all z € [a,b] and the conclusion follows. 

(Titu Andreescu, Revista Matematicá Timigoara (RMT), No. 1(1985), pp. 63, 
Problem 5505) 


53. a) The function h is continuous, hence it is a derivative. Let F be an anti- 
derivative of h. By the Mean Value Theorem we have 
F(k + 1) — F(k) = h(cx) for some сь € (k, +1). 
Since h is nonincreasing, 
h(k +1) < Мс) € h(k) 


h(k +1) < F(k +1) - F(k) € МЕ). 
Summing these inequalities from k — 1 to k — n yields 
алы - h(1) € F(n +1) - F(1) < an, 
hence 
n+l 
ама -s vνονẽům en, п>. 
Because 
ni g(n--1) 
[ #706) [ ads, 
1 g(1) 


the conclusion follows. 1 
b) Setting f : (0, z) > R, f(z) = -cotz and g : ll. o) + В, g(z) = =, we 


obtain h(z) = 2; cot 2, which is decreasing on the interval [1, оо). 
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We have 
g(n+1) wt 
| J(z)dz = – cot ædæ = 
g(1) 1 
x in(sinz) [7^ cch (sin — ;) + In(sin 1). 
Hence 


ccm mud 
Jm. / f(z)dz — lim [- (вв) + In(sin) = +00 


Using the left-hand side inequality from a) it follows that 


n 

i : 1 1 

lim a, = OM: pt E оо. 
=1 


n-oo 


(Dorin Andrica) 


54. Recall that 


. a -1 
lim ——— = Ina. 
+0 t 


For E > 0 there is 6 > 0 such that 


at —1 
na- e : Share, |t «6 (1) 


Function f is integrable on [0, 1] hence is bounded. Let M > 0 such that f(z) < M 
for all т є [0, 1]. There is an integer no such that 


17 Ө < 6 for all n > no and k=0,1,...,n. 


The inequality (1) gives 
atf(*) 1 


na- < —— < Ina+e, k=0,]1,...,n 
177 
n° \n 


then 
п 
2 KN) -1) 
Ina -e< EL Share 
= 
* п 
It follows that 
n 
( -1) 
lim E = па 
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On the other hand 


n 


ва n (s) = / reas, 


k=l 


Jim 2 Aaike) n) = ( [ ; кәе) Ina. 
=1 


(Dorin Andrica, Romanian Mathematical Regional Contest "Grigore Moisil", 
1997) 


therefore 


55. 1) We have 


е . sin nkzt y? sin nent ТЕЕ 
дщ fala) = jim ( an ber) = (im з Е 
of, nkmcosnknt\* 12 nk-k)2 _ „2 
= (jim тоет) “ураар 
Hence f, is continuous оп В" if and only if ал = n? for all k € Z*. 
2) It is known that ħa : R + R, 


a 
00 кыш? +20 


| т=0 
is a derivative. Recall the identity 


sinnz 
( sinz ) "ODE 2s cos2(k – з, zeRV(mr,meZ). 
1<1<&<п 
Then 


, £0 
fa(z) = | T y о +2 22 hes. 
a += 1<1<Ё<л 
80 f, is a derivative function if and only if an = n and an, = n? for all k € Z*. 


(Dorin Andrica, Romanian Mathematical Regional Contest "Grigore Moisil", 
1995) 


56. We have 


1, # 20 
fo,o(z) a | соо, if т=0 
SO fo, o is a derivative if соо = 1. 

Functions 


990 | 1 
-U =f and eT 50 


, т = 0 А zz 


are derivatives, 80 сі о = со: = 0. 
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The function 
fata sin f cos 2, z#0 - sin =, т * 0 Е 
CL z-0 2 | 23, z-0 
1 1] 0, rz0 
z-—u(2r — 
2d "i r-0 


is a derivative if ci, = 0. 
For p,q > 1 consider the differentiable function G: Е > R, 


1 1 
2 sin? — = 
=| х? зіп OS =, 1 #0 


Е 2= 0 
"X 1 1 1 1 
2твїпР — соз“ —  —psin?^! S cose i -+ 

т т т т 

G'(z) = 1 1 

inPt! = epg?) — 
+q sin сет, т#@0 
0, х=0 

Function 


22 sin? ^ cos? zx 1 * 0 
тю т т 
r-0 


is continuous, hence a derivative. Therefore 


1 1 1 1 

— 51 co L inP*! — cost! = 

w= рт. = 15 z^ T’ 225 
E z= 


is a derivative. Using the fact that sin? t = 1 — cos? t and cos? t = 1 — sin? t, we obtain 


1 1 1 1 
—psin?^! — m in?! — cos?! = 
«ol psin = cos" = +(р+ 4) зіп 2 2, т #0 


3 т=0 
Непсе 
g(x) = —pfp—1,9—1(2) + (р N-) * 
+ 0, т Ф 0 Hy 
Рср-1,4-1 – (P + Q)}Cpeig-1, 2 #0 
_ |e rz0 
(p + q)ep—1,9+1 — d€p-14-1, = 
Therefore 


PCp—1,g—1 = (р C 1 
qQCp—1,0—-1 = (p T qQ)Cp-1,9-1» 
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and so 
Cpilg-1 = үт: 
Cp-1,441 = 48 —1,0—1. 
For k,l > 1 we obtain 
2k -1 2k-1  2k-3 
оњи = p poena ор ThE BO == 
_ 2&-1  32k-3 1 
IFA 2ki20]-2 "20142 9"! 
2k-1 2 —3 1 NN 
COEPI e e 094837707 
2k-1  2k-3 1 9-10-35 1 -— 
Oed 3+0 "uis A 8-42. 
i 1):1:3... (dk - 1) 
- 2 (К + DI 


Note that cox,241 = А con, cz. = B - суо and ci ант = C сүд, where 
A,B,C are rational numbers and co, = сү = сіл = 0, therefore 


C2k,2+1 = Cok+1,21 = C2k+1,21+1 = 0, for all k,l > 0. 


To conclude, 


(2 — 11021 1) 1 . 
1 ЫШ, эш bint = 2k an =2 
Cpe = | Sur) ' Р=14#м4д= st 


" otherwise 


(Dorin Andrica, Revista Matematicá Timigoara (RMT), No. 1(1986), pp. 78, 
Problem 5773) 


57. We start with a useful lemma. 
Lemma. For any real numbers 21, T2, . En, we have 
1 
cos 21 · cos . cos æn = эп y cos(+z, 4X 724 4 2.) 


where the sum is taken over all 2" possible choices of signs. 
The proof can be made by induction on n. 
On the other hand recall that function ga : R — R, 


a 
cos—, т#0 
2) = т 
ga lx) us P" 


is a derivative. 


We have two cases. i ^s 
Case 1. Eq > 2, set = 2, 2 = $... an = — ‚= #0. From the lemma we 
obtain 


1 q gc | 3 
сов Z + сов =... сов — = Lc I * 
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hence 


а (9), т=0 
where an (g) is the number of choices of signs +, such that 414-q4-q? 4-- ---q?7! = 0, 
because in the sum are considered only the choices of signs such that +1+q+q? + 
. . 4901 £0. 
Note that if +1 +q . + 0% = 0, then д < 1, which is false. Hence 
an (gd) = 0 and therefore fn is derivative if and only if an (4) = 0. 
Case 2. If q = 1 then for n odd we have a,,(1) = 0 because 414 14. 41 cannot 


be 0, having an odd number of terms. If n is even, let n = 2m. There are ing 


choices of m signs - and m signs + so 


-o-(2-() 


1 
fn(z) = = 35 921292 447-1 (2) ES | эп an (d), z#0 


To conclude, we have 


0, if 922 
(8). if 9=1 and n even 


(Dorin Andrica, Romanian Mathematical Regional Contest "Grigore Moisil", 
1999) 


58. 1) Function f is continuous, so it is a derivative. Let F be an antiderivative 
of f. For z Æ 0 we have 


Er) - 
f (2) = 22 (2) а (r ()) for all z #0. 


Consider the function kh: R — R, 
h(z) — | 2zF(l/z) «#0 


therefore 


2M(f), т = 0. 
and note that 
lim A(z) = lim 22 F. (=) = lim, - [ ” f(s)ds = 2M(f). 


Hence h is continuous so it is a derivative function. Let H be an antiderivative of h. 
We have 


_ | 2zF(1/z) – (z?F(1/z)!", «#0 
ouis | 100) 2=0 
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_ J (#F(1/z))', 2 K 0 
M | Md) 0 
The function u : R > R, 

_ | (a Fü/z)', «#0 
m | М,  z=0 

is a derivative since U: R > R, 
_j z'Fü/z, 2 E 0 
us) = | 0, а = 0). 


is differentiable and U' = u. 
It follows that function G = H — U is an antiderivative of g, as desired. 
2) We prove that 


t 
lm f / fide = QD. 


For t > 0 there is an integer n = n(t) and a number a = a(t) € O, T] such that 
t — nT +a. 
Then 


1 nT t 
n а): = [ (d= + / E (1) 
On the other hand 
nT rm п-1 rather 2: ^ 
feh- N fee ) 


k=0 
Setting z = 0 + kT yields 


(к+1)т T T 
[sere = | s0+Krya0 = | fO 
kT 0 0 
во relation (2) gives 
nT T 
chu = , fes 
0 0 
Setting 0 = z — nT yields 
T dim з * ö nd = / 0 „0040 
nT Дун” 0 is ~ Jo ) 
The relation (1) becomes 
t T a(t) 
[а= | fene f reas (3) 
and hence 
t T (t) 
if 7 чо [ ааг +> , Fehde for all t > 0. 
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6.2. SOLUTIONS 
We have 
1 att) 1 pe) 1 a 
ost / лааг | Held f | e'o 
0 0 0 
һепсе 
Ч 1 a(t) 
jim 7 : f(z)dz = 0 
Moreover (b б 
_ mt) _ n(t T 
n. v GE — n(t)T +a(t) 
e = 
E a) T 
n(t) 
therefore 
Е 6 1 
100 = jim +f fede т | finas, 
as claimed. | 
The proof is similar for the case t — —oo. 


(Dorin Andrica) 

59. The answer is negative. Indeed, consider the derivative function F: R > R, 
1 

fle)=4 "hz 20 

0, z=0 


Using the previous problem, the function 
1 
cos -(, 2 4 0 
g(z) = z 
=, z=0 


т 


z #0 
z=0 


, 


is also a derivative. Therefore the function 


1 
10 908 2 


? 


is not a derivative and we are done. 
(Dorin Andrica, Romanian Mathematical Regional Contest "Grigore Moisil”, 


1992) 
60. The answer is negative. For example, consider the derivative functions fi, f2 : 
Е — В, 
РР Я ту 0 P z#0 
т „ Һ(ж)= T’ 
0, т=0 


fi(z) -{ 
0, 2 = 0 
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Then i 
cos—|, 2 #0 
f) - mesth (o) he) =} al. r 
0, т == 0 
which is not а derivative function (see problem 59). 
Alternative proof. Consider the derivative functions 


1 
10 s z #0 


0, z=0 


1 
«e| xc) z#0 


А == 0 

cos! A, т #0 
fsr)24 1 * 

2' z=0 


Assume for the sake of contradiction that the statement is valid. Then 


9 = max( fı, fa, fs) — max( fı, fa) 
is a derivative function, which is a contradiction, since 


0, 0 
eol 1 zm 


Therefore the answer is negative. 
(Dorin Andrica, Romanian Mathematical Regional Contest "Grigore Moisil", 
1997) 


E өп. 


"I take great pleasure in recommending to all readers - 
Romanians or from abroad - the book of professors Titu Andreescu 
and Dorin Andrica." 


"All featured problems are interesting, with an increased level 
of difficulty; some of them are real gems that will give great 
satisfaction to any math lover ..." 


"One more time, I strongly express my belief that the 360 
mathematics problems featured in this book will reveal the beauty of 
mathematics to all students and it will be a guide to their teachers and 
professors." 
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